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PURITY FOR FAMILIES OF GALOIS
REPRESENTATIONS

by Jyoti Prakash SAHA

ABSTRACT. — We formulate a notion of purity for p-adic big Galois represen-
tations and pseudorepresentations of Weil groups of ¢-adic number fields for £ # p.
This is obtained by showing that all powers of the monodromy of any big Galois
representation stay “as large as possible” under pure specializations. Using purity
for families, we improve a part of the local Langlands correspondence for GL,, in
families formulated by Emerton and Helm. The role of purity for families in the
study of variation of local Euler factors, local automorphic types along irreducible
components, intersection points of irreducible components of p-adic families of au-
tomorphic Galois representations is illustrated using the examples of Hida families
and eigenvarieties.

RESUME. — Nous formulons une notion de pureté pour les familles p-adiques de
représentations galoisiennes et pseudo-caractéres du groupe de Weil d’un corps de
nombres f-adiques pour £ # p. Ceci est obtenu en montrant que tous les puissances
de la monodromie de toute représentation galoisienne restent aussi grandes que
possible apres spécialisations pures. En utilisant la pureté pour les familles, nous
améliorons une partie de la correspondance de Langlands locale pour GL,, en fa-
milles formulée par Emerton et Helm. De plus, en utilisant les exemples de familles
de Hida et variétés de Hecke, nous illustrons le role de pureté pour les familles
dans I’étude de la variation des facteurs d’Euler locaux, types automorphes locaux
le long des composantes irréductibles, les points d’intersection des composantes
irréductibles de familles de représentations galoisiennes automorphes.

1. Introduction
1.1. Motivation

Let r be a geometric Galois representation of the absolute Galois group
of a number field with coefficients in Q,. Then the restriction r, of r to

Keywords: p-adic families of automorphic forms, Pure representations, Local Langlands
correspondence, Euler factors.
Math. classification: 11F41, 11F55, 11F80.
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the decomposition group at any finite place v not dividing p is potentially
unipotent by Grothendieck’s monodromy theorem (see [49, pp. 515-516]).
Given a projective smooth variety X over a finite extension K of Qg, the
weight-monodromy conjecture ([35, Conjecture 3.9]) says that for any prime
p # ¢ and any integer i > 0, the Gal(K /K )-representation H{, (X@Z,Qp) is
pure of weight i, i.e., the i-th shift of the associated monodromy filtration
coincides with the associated weight filtration (see Definition 2.10). When
r is irreducible, the representation r, is expected to be pure. The Galois
representations attached to cuspidal automorphic representations (which
are algebraic in the sense of [13, Definition 1.8]) by the Langlands corre-
spondence (which is often conjectural) provide ample examples of geometric
representations. The purity of restrictions of p-adic automorphic Galois rep-
resentations to decomposition groups at places outside p is known in many
cases due to works of Carayol [9], Harris and Taylor [30], Blasius [4], Tay-
lor and Yoshida [54], Shin [52], Caraiani [8], Scholze [47], Clozel [14] et al.
Following works of Hida [31, 32, 34], Mazur [39], Coleman and Mazur [15],
Chenevier [10], Bellaiche and Chenevier [2] et al., automorphic Galois rep-
resentations are believed to live in p-adic families. Thus it is desirable to
have a notion of purity for families. The goal of this article is to provide a
formulation of this notion and to discuss its applications to p-adic families
of Galois representations.

1.2. Purity for families

The most naive way to formulate purity for big Galois representations
would be to relate the monodromy filtration with the weight filtration.
However the Frobenius eigenvalues on a big Galois representation are el-
ements of a ring of large Krull dimension and are not algebraic numbers
in general, precluding the possibility of considering the weight filtration.
Thus a formulation of purity for big Galois representations is not straight-
forward. On the other hand, it is natural to expect that such a formulation
should include a compatibility statement at pure specializations.

This formulation is achieved in Theorem 3.1, which we call purity for
big Galois representations because it says that the structures of Frobenius-
semisimplifications of Weil-Deligne parametrizations of pure specializations
of a (p-adic) big Galois representation (of the Weil group of an /-adic num-
ber field with ¢ # p) are “rigid”. In other words, it says that given a pure
Weil-Deligne representation, its lifts to Weil-Deligne representations over
integral domains have the “same structure”.

ANNALES DE L’INSTITUT FOURIER
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The eigenvarieties are an important source of examples of families of
p-adic Galois representations. The traces of the Galois representations at-
tached to the arithmetic points of an eigenvariety are interpolated by a
pseudorepresentation defined over the global sections of the eigenvariety.
Thus a notion of purity for pseudorepresentations is indispensable for the
understanding of various local properties of the arithmetic points of eigen-
varieties. This is provided by Theorem 4.3, which we call purity for pseu-
dorepresentations. It says that given an &-valued pseudorepresentation T'
of the Weil group of an ¢-adic number field (where € is a domain over Q),
the Frobenius-semisimplification of two Weil-Deligne representations over
two domains (containing & as a subalgebra) have the “same structure” if
their traces are equal to T and each of them has a pure specialization. This
is deduced using purity for big Galois representations.

By [3, Lemma 7.8.11], around each nonempty admissible open affinoid
subset U, the pseudorepresentation defined over the global sections of an
eigenvariety lifts to a Galois representation on a finite type module over
some integral extension of the normalization of O(U). But this module is
not known to be free over its coefficient ring. So Theorem 4.3 cannot be ap-
plied to eigenvarieties to study the local properties of all arithmetic points.
However the local properties of certain type of arithmetic points can be
described using Theorem 4.5. For example, if the Galois representations
attached to the arithmetic points are absolutely irreducible and their re-
strictions to the decomposition group G, at a finite place w 1 p are pure,
then the structure of the Frobenius-semisimplification of the Weil-Deligne
parametrization of p,|qg,, is “rigid” when z varies along an irreducible com-
ponent of an eigenvariety (here p, denotes the p-adic Galois representation
attached to the arithmetic point z). Henceforth, by purity for families, we
refer to Theorems 3.1, 4.3, 4.5.

In Theorem 1.1 below, we state a part of Theorem 3.1. Let p, ¢ be two
distinct primes, K be a finite extension of Q; and Wy denote the Weil
group of K. The Frobenius-semisimplification of a Weil-Deligne represen-
tation V of W is denoted by V5. Let ¢ be a domain over Q with
fraction field .Z. Suppose (p, N) is a Weil-Deligne representation of Wy
on 0" where n is a positive integer. Such representations arise as Weil—
Deligne parametrization (tensored with Q) of representations of Wy on
free modules of finite type over local rings with finite residue fields of char-
acteristic p (resp. affinoid algebras) which are continuous with respect to
the maximal ideal adic topology (resp. the Banach algebra topology). Note
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that these type of representations of Wy admit Weil-Deligne parametriza-
tion by Grothendieck’s monodromy theorem, see [49, pp. 515-516] (resp. [3,
Lemma 7.8.14]). Denote by V the Weil-Deligne representation (p, N)®4.Z.
Let V5% be isomorphic to the direct sum S Spy, (i) /Z of special rep-
resentations (see Definition 2.3) where m,t; < ¢t < -+ < ¢, are positive
integers, r1, - - - , rpy, are irreducible Frobenius-semisimple representations of
Wi over 0™ Given a field F and a map f : € — E, the Weil-Deligne
representation (p, N) ®4,5 E is denoted by Vy. We fix an isomorphism
p: @p ~ C and let rec denote the reciprocity map.

THEOREM 1.1 (Purity for big Galois representations). — Let A : & —

Q, be a map such that Vy is pure. Then the following hold.

(1) The rank of no power of the monodromy N decreases after special-
izing at .
(2) The Weil-Deligne representations Vi** and @™, Sp, (A"™*lor;) /3,
are isomorphic.
(3) The polynomial Eul(V, X)~! has coefficients in 0'™* and its spe-
cialization under \'™*a! js Eul(Vy, X) L.
(4) If ¢ : © — Q,, is a map such that Vg is pure, then the automorphic
types of rec™ (1,(VF"5)) and rec™" (1, (V™)) are the same.
Moreover, for any field K and any map p: ¢ — K with A(ker u) = 0, the
Weil-Deligne representation (V,,®xcK)¥% is isomorphic to &7, Sp,, (u™*'o

1.3. Applications of purity for families

We explain the role of Theorems 3.1, 4.3, 4.5 in the study of some arith-
metic aspects of p-adic families of Galois representations, for example, the
local Langlands correspondence for GL,, in families, the local automorphic
types of arithmetic points of p-adic families, the geometry of the underlying
spaces of families etc. (see Theorems 5.3, 6.2, 6.4, 6.7).

1.3.1. Local Langlands correspondence for GL,, in families

The local Langlands correspondence was proved by Harris and Tay-
lor [30]. It is extended to p-adic families of representations of Gx =
Gal(K/K) by Emerton and Helm in [23]. They show that given a contin-
uous Galois representation r : Gxg — GL,,(A4) (where A is a complete re-
duced p-torsion free Noetherian local ring with finite residue field of charac-
teristic p), there exists at most one (up to isomorphism) admissible smooth
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GL,, (K)-representation V over A, which interpolates the Breuil-Schneider
modified local Langlands correspondence along irreducible components of
SpecA (see [23, Theorem 1.2.1] for the precise statement). Denote the
residue field of a prime p of A by x(p). When V exists, it also interpolates
the GL,, (K)-representation attached to x(p) ® 4 r via the Breuil-Schneider
modified local Langlands correspondence whenever p is a prime ideal of
A[1/p] containing only one minimal prime ideal of A[l/p] and the rank
of no power of the monodromy of r degenerates under mod p reduction
([23, Theorem 6.2.5] gives the precise statement). Combining this result
with Theorem 3.1, we prove in Theorem 5.3 that this interpolation prop-
erty holds if p is a prime ideal of A[1/p] containing only one minimal prime
ideal of A[1/p] and p is contained in a prime g of A[1/p] such that x(q)®ar
is pure.

Hida’s theory of ordinary automorphic representations provides continu-
ous representations of absolute Galois groups of number fields with coeffi-
cients in rings of the form A. So their restrictions to decomposition groups
at places not dividing p give representations of the form r, to which Theo-
rem 5.3 apply. On the other hand, overconvergent forms also form families,
although of rather different nature, for instance, there are examples of such
families whose coefficient rings are not local (and there are also families of
overconvergent forms defined over local rings, see [1]). The local Langlands
correspondence is not yet extended to families defined over non-local rings
or over affinoid algebras. However, the coefficient rings &', O, O’ as in The-
orems 3.1, 4.3, 4.5 are quite general, for instance, these are not assumed
to be local. So once a notion of local Langlands correspondence for more
general families is established, it is likely that one could use Theorems 3.1,
4.3, 4.5 to show that the extension (as in [23, §4.2]) of the Breuil-Schneider
modified local Langlands correspondence is interpolated at the primes con-
tained in kernels of pure specializations.

1.3.2. Hida families and eigenvarieties

Given a p-adic family of Galois representations of the absolute Galois
group of a number field, the variation of the Frobenius-semisimplifications
of the Weil-Deligne parametrizations of the local Galois representations
attached to the members at the finite places outside p can be studied using
Theorems 3.1, 4.3, 4.5. Thus purity for families illustrates the variation of
local Euler factors of the arithmetic points of p-adic families of automorphic
Galois representations and also the variation of local automorphic types of
arithmetic points when local-global compatibility is known. In Section 6,
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we explain this variation using examples of Hida family of cusp forms, Hida
family of ordinary automorphic representations of definite unitary groups
and eigenvariety for definite unitary groups. We refer to Theorems 6.2,
6.4, 6.7 for the precise statements. Roughly speaking, these three results
state that the structure of the local Galois representations attached to
the arithmetic points of any given irreducible component of these families
are constant (under some hypotheses). For related results, we refer to [24,
Proposition 2.2.4], [40, §12.7.14], [43, Remark 2.4], [26, Lemma 2.14], [25,
Lemma 3.9], [3, §7.5.3, 7.8.4], [11, Lemma 4.5], [45, Theorem A].

1.4. Notations

For every field F, we fix an algebraic closure F of it and denote by G
the Galois group Gal(F/F). For a finite place v of a number field E, the
decomposition group Gal(E,/FE,) is denoted by G,. Let W, C G, (resp.
I, C G,) denote the Weil group (resp. inertia group) and Fr, € G,/I,
denote the geometric Frobenius element. We fix embedding i, : Q — @p
once and for all. The fraction field of a domain A is denoted by Q(A),
the field Q(A) is denoted by Q(A). The integral closure of a domain R
in Q(R) (resp. Q(R)) is denoted by R™ (resp. R™a). If f : R — S is
a map between two domains, then the map f has an extension to a map
Rintal _, gintal ‘We fix one such map and denote it by ™2l The residue
field of a prime p of a ring R is denoted by x(p) and the mod p reduction
map is denoted by .

2. Local Galois representations

Let ¢ denote the cardinality of the residue field k of the ring of integers
Ok of K. Fix an element ¢ € G which lifts the geometric Frobenius
Fr, € Gj. Let @w denote a uniformizer of Ok and valg : K* — Z be the
w-adic valuation. Let | - |x:= g v2x(*) be the corresponding norm. The
Weil group Wi is defined as the subgroup of G consisting of elements
which map to an integral power of Fry in Gj. Its topology is determined by
decreeing that I is open and has its subspace topology induced from G .
The Artin map Artg : KX = Wf(b is normalized so that uniformizing pa-
rameters go to lifts of the geometric Frobenius element. Let I (resp. Pk)
denote the inertia (resp. wild inertia) subgroup of G . Then given a com-
patible system ¢ = ({n )¢ of primitive roots of unity, we have an isomor-

phism ¢ : I /Pk = Hp?é@ Zy, such that U(wl/”) — Cr(ltc(a) mod n)wl/n for
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all o € Ix/Pg. By [41, Theorem 7.5.2], for all o0 € Wi and 7 € I, we
have t¢(or0™") = e(o)tc(r) where e := [, ep : Gx — [[, 2, Z) is the
product of the cyclotomic characters. For a prime p # ¢, let ¢, : Ix — Zp
denote the composition of the projection Ix — Ix/Pk, the map t. and the
projection from [],_,Z, to Zy. Define vi : Wi — Z by 0w = FrZK(U)
for all ¢ € Wg. Denote by rec the reciprocity map of local Langlands
correspondence for GL, (K), which is known due to works of Harris and
Taylor [30]. The map rec is chosen so that rec(r) = 7 o Arty' for any ho-
momorphism 7 : K* — C* which is continuous with respect to discrete
topology on the target. The reciprocity map rec depends on the choice of
a square root of ¢ in Q,, which we fix from now on.

DEFINITION 2.1 ([19, 8.4.1]). — Let A be a commutative domain of
characteristic zero.

(1) A Weil-Deligne representation of Wi on a free A-module M of
finite rank is a triple (r, M, N) consisting of a representation r :
Wiy — Aut (M) with open kernel and a nilpotent endomorphism
N € End (M) such that

r(o)Nr(o) ™ = ¢ <IN forall o € W.

The operator N is called the monodromy of (r, M, N') and the map
trr : W — A is called the trace of (r, M, N).

(2) A representation p of Wi on a free A-module M of finite rank is said
to be irreducible Frobenius-semisimple if M @ Q(A) is irreducible,
the ¢-action on M ® Q(A) is semisimple and ker p is open.

The sum of Weil-Deligne representations are defined in the usual way
(cf. [7, §31.2)).

DEFINITION 2.2. — Let A be a Zy-algebra of characteristic zero. Sup-
pose M is an A-module equipped with an A-linear action p of Wy or of G .
We say M is monodromic with monodromy N over K’ if there exists a fi-
nite extension K'/K and a nilpotent element N of End ap1 /) (M ®4 A[1/p])
such that for all T € Ik

p(7) = exp(tep(T)N)
in EndA[l/p] (M ®Xa A[l/p]).

Given a Z,-algebra A of characteristic zero and a monodromic represen-
tation (p, M) of Wk or of Gk over A with monodromy N, (following [19,
8.4.2]) its Weil-Deligne parametrization is denoted by WD(M) and is de-
fined to be the triple (r, M[1/p], N) where r denotes the Wik-action on the
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A[1/p]-module M[1/p] given by
r(0) = p(o) exp(—tc p(¢~ " Do)N)  for all o € Wi

Suppose (r,N) = (r,V,N) is a Weil-Deligne representation with coef-
ficients in a field L of characteristic zero which contains the characteris-
tic roots of all elements of r(Wik). Let r(¢) = r(¢)**u = ur(¢)®® be the
Jordan decomposition of the operator r(¢) as the product of a diagonal-
izable operator r(¢)*® and a unipotent operator u acting on V. Follow-
ing [19, 8.5], define #(c) = r(o)u~"%) for all ¢ € Wg. Then (7,V,N)
is a Weil-Deligne representation (by [19, 8.5] for example) and is called
the Frobenius-semisimplification of (r,V, N) (cf. [19, 8.6]). It is denoted by
VEr-ss We say (r,V, N) is Frobenius-semisimple if 7 = r.

DEFINITION 2.3. — For an integer t > 1, a characteristic zero commu-
tative domain A with ¢ € A* and a representation (r, M) of Wi on a free
module M of finite rank over A with ker(r) open in Wy, the special rep-
resentation Sp,(r),4 (also denoted Sp,(r) when A is understood from the
context) is defined to be the Weil-Deligne representation with underlying
module M* on which Wy acts via

rlArt it @ r|Art B2 @ @ r|Art g g © 7
and the monodromy induces an isomorphism from r|Art ' i tor|Art 5"

for all 0 < i < t—2 and is zero on 7°|A1"tl_(1 ’};1.

Let € denote an algebraically closed field of characteristic zero.

DEFINITION 2.4. — A Weil-Deligne representation over € is said to be
indecomposable if it is not isomorphic to a direct sum of two nonzero Weil—-
Deligne representations over €.

THEOREM 2.5. — Let (p,V, N) be a Frobenius-semisimple Weil-Deligne
representation over €. Then it is isomorphic to ©;e1Spy, (ri) o for some
irreducible Frobenius-semisimple representations r; : W — GL,,,(Q) and
positive integers t;. This decomposition is unique up to reordering and
replacing factors by isomorphic factors.

Proof. — This follows from the proof of [18, Proposition 3.1.3(i)]. O
DEFINITION 2.6. — Given (p,V,N) as above, its size is defined to be
the integer max{t;|i € I}.

DEFINITION 2.7. — An indecomposable summand of a Frobenius-semi-
simple Weil-Deligne representation V over ) is a Weil-Deligne subrepre-
sentation of V' isomorphic to a summand Sp,, (r;) o via an isomorphism
V'~ ®ie1Spy, (ri) jo with t;,r; as in Theorem 2.5.
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PROPOSITION 2.8. — Let (r, N) be a Weil-Deligne representation over
an integral domain A of characteristic zero. Let Q°' denote the algebraic
closure of Q in Q(A). Let B be a subring of A such that the character-
istic polynomial of r(g) has coefficients in B for all g € Wyx. Then there

exist positive integers m,t; < --- < ty,, (B™*)*-valued unramified char-
acters X1, -+, Xm of Wk and irreducible Frobenius-semisimple representa-
tions p1,--- , pm of Wy with coefficients in Q' with finite image such that

((r,N) @4 Q(A))Fr== is isomorphic to &, Sp,. (xi ® pi)-

Proof. — By Theorem 2.5, there exist positive integers m,t; < --- < ty,
irreducible Frobenius-semisimple representations ry,--- 7, of Wg over
Q(A) such that ((r, N) ®4 Q(A))"™* is isomorphic to &, Sp,, (r;). From
the proof of [7, 28.6 Proposition], it follows that for each 1 < i < m,
there exists an unramified character y; : Wx — Q(A)* such that the
Wi-representation x; ! ®r; has finite image. So there exists an irreducible
Frobenius-semisimple representation p; : Wx — GLg, (Q%') with finite im-
age such that x; ' ®r; and p; are isomorphic over Q(A) (by [53, Theorem 1]
for instance). So the product of x;(¢) and a root of unity belongs to B»ta!.
Thus y;(¢) belongs to B! and similarly, x;(¢) ™! belongs to B! Hence
X: has values in (B™%!)*. This proves the result. O

LEMMA 2.9. — Let r : Wxg — GL,(A) be an irreducible Frobenius-
semisimple representation of Wy with coefficients in a domain A of char-
acteristic zero. If B is a characteristic zero domain and f : A — B is a
ring homomorphism, then f or is also an irreducible Frobenius-semisimple
representation.

Proof. — Let Q°! denote the algebraic closure of Q in Q(A). By Propo-
sition 2.8, there exist an unramified character x : Wx — (A™a)* and an
irreducible Frobenius-semisimple representation p : Wx — GL,(Q) with
finite image such that 7 is isomorphic to xY®p over Q(A). So fintal(y~1@r)
has trace equal to f™?(tr(x 7! @ r)) = f"tal(trp) = trf"*l(p) and hence
fintal(y =1 @ r) is isomorphic to f"*2!(p). Thus f(r) is isomorphic to
fintal(yy @ fintal(p) This proves the lemma. O

Recall that a g-Weil number of weight w € Z is an algebraic number
a € Q such that ¢"a is an algebraic integer for some n € Z and |o(a)| =
q"“/? for any embedding ¢ : Q — C. Given a Weil Deligne representation
(r,V,N) on a vector space V, its associated monodromy filtration is an
increasing filtration My on V where My, = ker Nt 0 N=IV for
k € Z (see [20, 1.7.2]).

itj=k
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DEFINITION 2.10. — A Weil-Deligne representation V of Wy over @p
is said to be pure of weight w € Z if the eigenvalues of one (and hence any)
lift of the geometric Frobenius element on Gr;M, are q-Weil numbers of
weight w + ¢ where M, denotes the monodromy filtration on Y Tr-ss,

A finite dimensional representation V of G or of Wx over @p is said
to be pure of weight w € 7Z if it is monodromic and its Weil-Deligne
parametrization with respect to one (and hence any) choice of ¢ and ( is
pure of weight w.

Let © be an algebraically closed field of characteristic zero. For a
Weil-Deligne representation (r,V,N) of Wy over ), its Euler factor
Eul((r, N), X) is defined as the element det(1 — X |y rx.n=0)"! of Q(X)
where V15-N=0 denotes the subspace of V on which I acts trivially and N
is zero. For a representation p : Gg — GL(V) of the absolute Galois group
of a number field F on a finite dimensional vector space V over (), its local
Euler factor Eul,(p, X) at a finite place v of E not dividing p is defined to
be the element Eul(WD(V|g, ), X) in Q(X) if V], is monodromic. Now
we define the notion of automorphic types.

DEFINITION 2.11. — Let (p, N) be a Frobenius-semisimple Weil-Deligne
representation of Wy over @p. Let m,ty,--- ,t, be positive integers and
r1,--+ ,Tm be irreducible Frobenius-semisimple representations of Wy over
Q, such that (p,N) is isomorphic to &, Sp,, (r;). We define the automor-
phic representation type AT™P(rec™1(1,(p, N))) of rec™!(¢,(p, N)) to be
the unordered tuple

AT (rec™ (1 (p, N))) = ((rec™ (1p(r1), t1), -+, (rec™ (15 (7)), tm))

and the automorphic type AT (rec™ (1, (p, N))) of rec™*(¢,,(p, N)) to be the
unordered tuple

AT(rec™ (1p(p, N))) = ((dimry, t1),- -+, (dim 7y, ).

3. Purity for big Galois representations

Recall from §1.2 that (p, N) is a Weil-Deligne representation of Wy on
O™, where 0 is an integral domain over Q with fraction field .Z. The Weil—-
Deligne representation (p, N) ®¢ £ is denoted by V. For a map \ : & —
Q,, denote by 7 the automorphic representation rec™* (1, (Vy™)) where
lp @p ~ C denotes the isomorphism fixed in §1.2.
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THEOREM 3.1 (Purity for big Galois representations). — Let m,t; <
- < t,, be positive integers, ry,--- ,7y be irreducible Frobenius-semi-
simple representations of Wy over 0™l such that

(3.1) PES o~ @ Spy, (ri)/§

i=1

Suppose \ : O — @p is a map such that V) is pure. Then the following
hold.

(1) The Weil-Deligne representations Vi and @™, Sp, (A"™*!or
are isomorphic.

(2) The rank of no power of the monodromy N decreases after special-
izing at .

(3) The polynomial Eul(V, X)~! has coefficients in &' and its spe-
cialization under A"l js Eul(Vy, X) 1.

(4) The automorphic representation type AT P(my) of my is equal to
the unordered tuple

((rec™ (Lp(A™™ 0.71)), t1), - -, (rec ™ (1, (A 0 7,,)), £ -

(5) The automorphic type AT (my) of wy is equal to the unordered tuple
((dim py,t1), -+, (dim ppa, tm ).
Moreover, for any field K and any map u: ¢ — K with \(ker u) = 0, the
Weil-Deligne representation (V,,®xcK)™* is isomorphic to &, Sp,, (u™*!o
;) Vi Furthermore, there exist m,t;,r; with the above-mentioned proper-
ties such that equation (3.1) holds.

i)/g,

Note that the above theorem can also be stated in terms of monodromic
representations of the Weil group Wi or the Galois group Gx and thus it
can be considered as a statement about big Galois representations.

Proof. — Suppose V), is pure of weight w. For 1 < j < m, denote the
multiset

j . . .
U{[)\mtal o Ti}v [)\mtal o (lArt[_(l|KTi)]7 . [)\mtal (|A t}—(l

i=1

t;

)l

by S; (where [r] denotes the isomorphism class of a representation ). Note
that conditions (A), (B), (C) below hold.

(A) Vs is pure of weight w,
(B) )\intal ° terr—ss — tIV)\Fr_SS,
(C) Vs is annihilated by the t,,-th power of its monodromy.
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By [20, 1.6.7], the monodromy filtration associated to a direct sum of
Weil-Deligne representations is equal to the direct sum of the monodromy
filtrations associated to its summands. So the indecomposable summands
of V¥ are pure of weight w (by condition (A)). Moreover, they are of
size (see Definition 2.6) at most t,, by condition (C). Since the elements
of Sy, are (isomorphism classes of) irreducible Frobenius-semisimple Wig-
representations (by Lemma 2.9) and the sum of their traces is equal to
trV{ss (by condition (B)), the difference of the weights of any two ele-
ments of the multiset S,, is at most 2(¢,,, —1). Note that the difference of the
weights of Atal(r,, ), Aintal (| Avt 1) is 2(t,, —1). So these are a high-
est weight and a lowest weight element of S,,, respectively. By condition (A),
w is equal to the average of the weights of a highest weight and a lowest
weight element of S,,, i.e., the average of the weights of A™#!(r, ) and
Amtal(| Apt e =ty ) So Aintal(y, ) has weight w+t,, — 1. Since A2l (r,,)
is a highest weight element of S,, and V{™* is pure of weight w (by con-
dition (A)), the Weil-Deligne representation Sp, (A™*?!(r,,)) is a direct
summand of Vs,

Now assume that for an integer 1 < m’ < m, the representation
Sptmurl()\intaLl 0 Tprg1) @ -+ @ Sp, (A o r) is a direct summand of

V)\Fr'ss, i.e., there is an isomorphism

m
(3.2) VWS ~We P Sp, (A or).
i=m/+1

Let W denote the Weil-Deligne representation EB’”/l Spy, (7). Then the sum

i—
St 41 (ti—tyy) dim 7 is equal to the integer dimz; N’ (V) (by equa-
tion (3.1)), which is greater than or equal to dimg A(N )t (ViEr-ss) and this
P
is equal to dimg A(N)* W31 (ti—tms) dimr; (by equation (3.2)).

So A(N)t=' (W) = 0. Thus conditions (A’), (B’), (C’) below hold.
(A’) W is pure of weight w,

(B”) Antal o tr)) = tr W/,
(C’) W is annihilated by the t,,,-th power of its monodromy.

In other words, the conditions (A), (B), (C) also hold when V{58, YFr-ss m
are replaced by W, W, m' respectively. So the argument in the paragraph
next to conditions (A), (B), (C) also hold when V™, VFS my are re-
placed by W, W, m' respectively (and conditions (A’), (B’), (C’) are used
instead of (A), (B), (C)). So it follows that the Weil-Deligne representation
Sptm/()\inml o Iy ) is a direct summand of W. Then equation (3.2) shows
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that Sp, (N4 or,) ®Sp,. | (N5 ory ) @~ ® Spy, (W82 o7, i
a direct summand of V{™. This proves part (1) by induction.

Note that part (2) follows from part (1) and equation (3.1). Since the
characteristic polynomial of p(g) has coefficients in & for all g € Wi,
the roots of the characteristic polynomial of p(g) are elements of &'™tal.
So the coefficients of Eul(V, X)™! = det(1 — X¢|yrx.n=0) are elements
of ¢! However this polynomial has coefficients in the fraction field .
of 0. Hence Eul(V, X)~! has coefficients in ¢, To complete the proof
of part (3), note that V/<:N=0 is isomorphic to @7, (r;|Arty' % 1)x
over .Z, and by part (1), the representation V>\I #:N=0"is isomorphic to
o (Al (| Art %)< over Q,. Denote by p; the representation
i Art i[5 of Wi over 6%, Since p;(Ix) is finite, the map APt in-

duces an isomorphism

ple ®ﬁintalvAintal @p ~ (Alntal (¢] pZ)IK

of Wi-representations. So under the map A" the polynomial det(1 —
X¢|p;K) specializes to det(1 — X @[ ymtaiop,)ix ), 1-€., the specialization of
Eul(ll),X)_1 under A\**2! is equal to Eul(Vy, X)~!. This proves part (3).
Note that part (1) implies parts (4) and (5).

To prove the statement about V, ® K, we assume that K is algebraically
closed (to simplify notations). Let O, (resp. O)) denote the image of
(resp. A) and 7 : O, — O, denote the map such that A\ = no u. Let

intal "By Proposition 2.8, there exist positive

Al denote the map n™? o 4
integers M, ¢} < --- < t); and irreducible Frobenius-semisimple representa-
tions s1,--- ,Sp over (’)Lntal such that VMFr‘SS is isomorphic to EBf\ilSpt;(si).
By part (1), V" is isomorphic to @2, Sp,, (1™ 0s;). Hence M = m and
th=t; forall 1 <i < M. So n™@los; AT or; are of weight w+t; — 1 for all
1 <7 < m. Note that for some integers 1 < j < m, 0 < a < t;—1, the repre-

intalor and s;|Artg'|% are isomorphic. So the representations

sentations p
Ao r,, nintal o (sj|ArtI}1|‘}() are of equal weight. This shows ¢,, = t; — 2a,
hence a = 0,t; = t,,,. Thus Sp, (uim*al o, ) is a direct summand of VHFr‘SS.
Suppose for an integer 1 < m’ < m, the representation &, , ,Sp,, (1o

r;) is a direct summand of VMFT'SS. By Proposition 2.8, there exist irre-

ducible Frobenius-semisimple representations s, --- ,s.., over (’)an1 such
Fr-ss :o : : m/ ! m intal
that V" is isomorphic to €;_, Spy, (s;) ® ;. 1 Spy, (1™ o 14). By

part (1), VI is isomorphic to @~ Sp,, (1™ os)) ;11 Spy, (™o
pintal o r) So o s, AT or; are of weight w +¢; — 1 for all 1 <i < m/'.

Note that for some integers 1 < k < m/ and 0 < b < t, — 1, the

intal
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intal 1 and 8| Art;{1|l}( are isomorphic. So the rep-

representations p
resentations AT o r,,,, ™l o (s} |Art ' [%) are of equal weight. This shows
tmr =ty — 2b, hence b = 0,1, = t,,,. Thus Sp, | (uintal o )Y is a direct
summand of &7, Spy, (s;) and hence &7, ,Sp,, (1™ or;) is a direct sum-
mand of V%5, By induction, it follows that (V,, @x K)F* is isomorphic
to @I, Spy, (™ or;) /- Finally, the existence of m, t;, 7; is guaranteed by
Proposition 2.8. O

Note that when the cofficient ring & (as in §1.2) of the representation
(p,N) is replaced by a more general ring (for instance, a ring which is
not an integral domain), no analogue of Theorem 3.1 seems to exist. In
fact a crucial step in its proof is to express the trace of V as a sum of
traces of irreducible Frobenius-semisimple representations over ¢! and
then to pin down the factors of powers of the character |Art;'|x in them.
The amount of these factors is governed by the size of the Jordan blocks
of the monodromy of V. When the coefficient ring & of (p, N) is not a
domain, then the shapes of the Jordan blocks of the images of IV in the
residue fields of &, for minimal primes a of & need not be independent
of a. Thereby, in no reasonable manner, it is possible to pin down the
factors of powers of |Art1}1| k present in the representations stated above.
Even in the very simple case where 0 = Z,[X] x Z,[X] x Z,[X], V
is semistable and N € M3(0) is the strictly upper triangular matrix with
Nis = (X,0,0), Ni3 =0, Nog = (0, X, 0), we cannot track the ‘right’ factors
of powers of ¢ in the characteristic roots of ¢ on V. Thus it seems hard to
have a reasonable analogue of equation (3.1) that could lead to an analogue
of Theorem 3.1 when € is a more general ring than a domain (for example,
a non-integral domain). So we are compelled to assume that & is a domain.

4. Purity for pseudorepresentations

In this section, we prove Theorem 4.3 which is an analogue of Theo-
rem 3.1 in the context of pseudorepresentations of Weil groups. We refer
to Wiles [55] and Taylor [53] for the notion of pseudorepresentations. They
are defined by abstracting the crucial properties of the trace of a group
representation.

4.1. Preliminaries
Let O1, Oy be integral domains with fraction fields L1, Lo respectively.

Let res; : 0 — Oy, resy : 0 — Os be injective maps. Let Ty : Wi —
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0"l he a pseudorepresentation of dimension d > 1 and (ry, Ny) : Wi —
GL4(O®tal) (g Np) : Wi — GLg(OR2!) be Weil-Deligne representations
such that

resJ{ o Ty = tr(ry), resé o Ty = tr(rs)
for some lifts res| : gmtal — @intal pegt . gimtal . Omtal of reg) res,
respectively. Suppose that there exist maps f1 Ointal _y Qp, fo : Ofntal
(@p such that fio(r1, N1), fao(ra, Na) are pure. We first state a proposition,
which plays a crucial role in the proof of Theorem 4.3. Next, we prove a
lemma which will be used to establish this proposition.

PROPOSITION 4.1. — The size of (f1 o (r1, N1))¥™ is less than or equal
to the size of (fa o (ra, N2))¥5. Consequently, these two representations
have the same size. Suppose there is an isomorphism

(4.1) ((r1, N1) ®o, L1) @Spt (res! 0 6;)

where k,t; < --- < t, are positive integers and 61, --- ,0, are irreducible
Frobenius-semisimple representations of Wy over ¢, Then the repre-

sentation Sp;_ (res} 0 0,.) is a direct summand of ((ry, Na) @0, L2)F5.

LEMMA 4.2. — Let k,s1 < -+ < 8§ be positive integers and ¥1,--- , 9
be irreducible Froben1us—sem1s1mp]e representations of Wy over O3l such
that

(4.2) ((r2, N2) ®0, L) @Spsl

Then for some integers 1 < a,b < k, we have

(resh o (BulArti )z, = (PulArtid ™)z,

(4.3) ks
(resk o 0c) iz, = (%) /2,
(4.4) 2t = Sq + Sp < 25p.

Proof. — By Lemma 2.9, res{ 06; is an irreducible Frobenius-semisimple
representation of Wy over O3l Since f; o (ry, N1) is pure, Theorem 3.1
and equation (4.1) give

(4.5) (fio(ry, Ny))F™s ~ @Spt f1ores! 06;).

i=1
Since t; < -+ <ty and fro(ry, N1) is pure, by equation (4.5), no eigenvalue
of ¢ on f1 o (ry, N7) has weight strictly more (resp less) than the weight
te—1
). So

of the ¢-eigenvalues on f; o resi o6, (resp. fio 1res1 (0, |Art |
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there are no integers 4, j with 1 <i < x,1 < j < t; such that 6;|Art %"
is isomorphic to ,|Arty! " or 6, |ArtK |t _H"’ for some integer v > 1.
Note that by Lemma 2 9, there exist integers 1 < a,b < k such that the
Wk -representation rest o (6, |ArtK be=1) (resp. resg 0 0,) is isomorphic to
Vol Art 22 (vesp. Up|Art it |}2) over Eg where 0 < j1 < sq — 1 (resp. 0 <
jo2 < sp — 1). Now for some 1 < i < &, 1 J < t;, the Wg- representatlons
resh 0 ;| Art [0 0 |Art gt [5e7! ~ resh o (60| Art T e are so-
morphic over L. As ress is injective and the traces of the representations
0i|Art 2t and 6, |Art it e coincide after composing them
with resg, these representations are isomorphic over .Z (by [48, Chapter 1,
§2] for instance). As noted before, s, — 1 — j; cannot be positive. So j;
is equal to s, — 1. Similarly jo is zero. Thus equation (4.3) holds. Using
Theorem 3.1 and equation (4.2), we get

(4.6) (f2 0 (r2, N2))™ @Spg (fa o ti)

Let w denote the weight of fs o (1, Ng). So the weight of any ¢-eigenvalue
on f200y (resp. f200,|Arty! 527 ") is equal to w+(sp—1) (resp. w—(s,—1)).
Thus their difference is equal to s, + sp — 2, and this difference is also equal
to 2(tx — 1) by equation (4.3). Since s,, sp are less than or equal to s, we
get equation (4.4). O

Proof of Proposition 4.1. — Equations (4.4), (4.5), (4.6) together imply
that the size of (f1 o (r1, N7))F% is less than or equal to the size of (fs o
(12, N2))Fr55. Similarly, the size of (fa0 (2, N2))F*% is less than or equal to
the size of (f1 o (11, N1))¥%. So, these two representations have the same
size. Thus t,; is equal to si. Then equation (4.4) gives s, = sp = Si. S0 8p
is equal to t,, and 9} is isomorphic to resg 00, over Ly (by equation (4.3)).
Thus Sp;_ (res o 0,,) is isomorphic to Sp,, (¥s) and hence it is a direct
summand of ((r2, Na) ®0, L2)F° by equation (4.2). O

4.2. Pseudorepresentations of Weil groups

THEOREM 4.3 (Purity for pseudorepresentations). — Let T : Wi — O
be a pseudorepresentation of dimensionn > 1. Let O be an integral domain,
: 0 — O be an injective map and (r,N) : Wg — GL,,(O) be a Weil-
De]igne representation such that res o T = trr and f o (r,N) is pure for
some map f: O — @p. Suppose

(4.7) ((T N) ®o Q(O Fr = EB Spy, ( (res™ o 1;)
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where m,t; < ty < --- < t,,, are positive integers and r1,--- ,Ty, are
irreducible Frobenius-semisimple representations of Wy with coefficients in
'™l Then for any Weil-Deligne representation (r', N') : Wi — GL,(O")
over a domain O satisfying

e res’ o T = trr’ for some injective map res’ : 0 — O,
e f'o(r',N') is pure for some map f': 0" — Q,,

there are isomorphisms

m

(4.8) ("', N") @0 Q(O"))Fr=s @Spt res't o 7y),
(4.9) (f' o (r',N"))Frss @Sp Tores'Tor;)

for any lift res't : o™ — O™l of ves’ and any lift f'T : O™l — Q,
of f'. Moreover, there exist m,t;,r; with the above-mentioned properties
such that equation (4.7) holds.

Proof. — Let £’ denote the fraction field of @’. By Proposition 4.1,
Sp,,, (res'f o rp,) is a direct summand of ((r', N') ®o Z/)Fr‘ss. Suppose for
some 1 < k < m, the representation @7, ,Sp,, (res'" o7;) is a direct sum-
mand of ((r', N') @0 Z/)FY‘SS. By Proposition 2.8, there exist positive inte-
gers @, 51 < --- < 5@ and irreducible Frobenius-semisimple representations
M, ,ng of Wi with coefficients in O"™t! such that ((r', N') ®¢r ZI)FY'SS
is isomorphic to @ZQZI Sps, (1) @D, 1 Spy, (res'T or;). Note that the spe-
cialization of the pseudorepresentation Zle Z;‘:l trrg | Art s W —
o™l under res™?! (resp. res’’) is equal to the trace of the Weil-Deligne
representation ¥ Sp, (res™?! o r;) (resp. @ZQ:lSpsi (n;)) of Wi with co-
efficients in O™l (resp. O'™al) So by Proposition 4.1, the representa-
tion Spy, (res'" o ;) is a direct summand of G}l-Q:lSpSi (n;). This shows
& Sp,, (res'T or;) is a direct summand of ((r', N') ®or Z/)F\"SS. So we ob-
tain equation (4.8) by induction. Then Theorem 3.1 gives equation (4.9).
Now let £ denote the fraction field of O. By Proposition 2.8, there ex-
ist positive integers m, t; < to < --- < t,, and irreducible Frobenius-
semisimple representations 71, - - - , T, of Wx with coefficients in O™%! such
that ((r, N) ®o £)™* is isomorphic to &7, Sp,, (7;). Since trr = reso T,
the characteristic polynomial of 7; has coefficients in (res@)™?! (we con-
sider Q(res®) as a subfield of £ and thus (res@)™! is a subring of Otal).
So by Proposition 2.8, we may (and do) assume that 7; has coefficients in
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(res@)™al The map res being injective, induces an isomorphism between
0 and its image res@. Thus res™?! is an isomorphism between &'™a! and
(res@)™al Since 7; has coefficients in (res@)™al there exist irreducible

Frobenius-semisimple representations r1,--- ,r,, of Wk with coefficients
in 0™ such that res™? o r; = 7,.-- ,res™? o r,, = 7,,, and hence
equation (4.7) holds. O

4.3. Pure specializations of pseudorepresentations of global
Galois groups

Let F' be a number field and T' : Gp — & be a pseudorepresentation
such that T =Ty +---+ T, where T} : Gp — O,--- ,T,, : Ggp — O are
pseudorepresentations. Fix a finite place w of F' not dividing p and assume
that & is a Zy-algebra.

DEFINITION 4.4. — The irreducibility and purity locus of Ty,--- , T,
is defined to be the collection of all tuples of the form (O, m,k,loc, p1,

-, pn) where O is a Zy-algebra and it is a Henselian Hausdorff domain
with maximal ideal m, k denotes the residue field of O and is an algebraic
extension of Qp, loc : & — O is an injective Zy-algebra homomorphism
and for each 1 < i < n, p; is an irreducible G p-representation over K such
that the trace of p; is equal to loc o T; mod m and p;|g,, is pure.

For each element (O,m,k,loc,p1, -, pp) of this locus, by [42, Théo-

réme 1], there exist semisimple G p-representations py, - -, p, over O such
that trp; = loc o T; for all 1 < i < n. Using [53, Theorem 1], choose
semisimple representations o1, ,0, of Gr over .Z such that tro; = T;

forall 1 <7< n.

THEOREM 4.5. — Suppose the irreducibility and purity locus of 11, - - - |
T, is nonempty and the restrictions of o1, ,0, to W,, are monodromic
(see Definition 2.2). Then there exist positive integers m,ty,to, -+ , t;, and
irreducible Frobenius-semisimple representations ry,--- ,r,, of W, with
coefficients in 0™ such that

n Fr-ss
(4.10) WD (@ mwu,> ~PSp,, (1) 7
i=1 i

ANNALES DE L’INSTITUT FOURIER



PURITY FOR FAMILIES 897

and for any element (O, m, k,loc, p1,- - , pp) in the irreducibility and purity
locus of Ty, - - -, T}, there are isomorphisms

n Fr-ss
(4.11) WD (EB pi|Ww> ~
i=1

" Fr-ss
(4.12) WD (EB pilw,, ®Q(O)>

. ol
Spy, (w,ﬁftal oloc™®* o 1)z,

intal

1

1P: 1P

Spy, (loc™ o 14) 50
i=1

Proof. — Since p; has coefficients in O, trp; mod m is equal to trp; and
pi is irreducible, the representation p; is irreducible. Note that the Gp-
representations o; ® Q(0O), p; have same traces. So they are isomorphic.
Since o;|w,, is monodromic, p;|w,, is also monodromic. So its Weil-Deligne
parametrization WD(p;|w,, ) is defined, it has coefficients in O, its trace is
equal to locoT;|w,, and its mod m reduction is isomorphic to the pure repre-
sentation WD(p;|w,, ). Then Theorem 4.3 gives equations (4.11) and (4.12).
Since p; is isomorphic to o; ® Q(O), we get equation (4.10) from equa-
tion (4.12). O

5. Local Langlands correspondence for GL, in families

Let (p, N) be a Frobenius-semisimple Weil-Deligne representation of Wy
over a finite extension L of Q. Let 7m(p, N) denote the indecomposable ad-
missible representation of GL,, (K) over L attached to (p, N) via the Breuil-
Schneider modified local Langlands correspondence (see [6, pp. 161-164]).
To define the representation 7(p, N), one needs to choose a square root
of g. However the representation 7(p, N) is independent of this choice.
In [23], this modified correspondence is extended to Frobenius-semisimple
Weil-Deligne representations over arbitrary field extensions of Q. For a
Frobenius-semisimple Weil-Deligne representation (p, N) of Wg over an
extension L of Qy, let m(p, N) denote the indecomposable admissible rep-
resentation of GL,, (K) over L attached to (p, N) (see §4.2 of loc. cit.).
The smooth contragredient of 7(p, N) is denoted by 7(p, N). If r is a mon-
odromic representation of Wi on a finite dimensional vector space over a
field extension L of @, and L contains the characteristic roots of all ele-
ments of 7(Wy), then we denote by 7(r) the representation 7(WD(r)Frs5).
Let (A, m) be a complete reduced p-torsion free Noetherian local ring with
finite residue field of characteristic p. For example, Z,[X][Y]/(Y?+ XY) is
such a ring and it has two minimal primes, which are generated by Y and
Y + X. The typical examples of A are p-adically completed Hecke algebras
(see [22, Definition 5.2.5]). For a prime ideal p of A, the mod p reduction
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of a representation p on a free A-module is denoted by p,. We refer to [23]
for unfamiliar notations and terminologies used below.

THEOREM 5.1. — Let E be a number field and S denote a finite set
of non-archimedean places of E, none of which divides p. For each v €
S, let r, : G, = GL,(A) be a continuous representation. Write G =
[I,cs GLn(E,). Then there exists at most one (up to isomorphism) ad-
missible smooth representation V of G over A satisfying the conditions
below.

(1) The module V is A-torsion free, i.e., all associated primes of V are
minimal prime ideals of A.

(2) For every minimal prime a of A, there exists a G-equivariant iso-
morphism

(1) R (rva) = (@) @4 V-
veS
(3) The G-cosocle cosoc(V/mV) of V/mV is absolutely irreducible
and generic, the kernel of the natural surjection V/mV —
cosoc(V/mV') contains no generic subrepresentations.

Proof. — 1t is a part of [23, Theorem 6.2.1]. O

When V' exists, we denote it by T({ry}ves). If S contains only one
place, we denote V by 7(r,). By [23, Proposition 6.2.4], the A[G]-module
7({ry }ves) exists if and only if the A[GL,,(E,)]-module 7(r,) exists for any
v € S. For a minimal prime a of A[1/p], the monodromy of r, 4 is denoted
by N,(a) (which exists by [23, Proposition 4.1.6]).

THEOREM 5.2. — Let S be as in Theorem 5.1 and p be a prime ideal
of A[1/p]. Suppose that the A[G]-module 7({r,}vecs) exists. If p lies on
exactly one irreducible component of SpecA[%], then there exists a x(p)-
linear G-equivariant surjection

Yot Q)T (rop) = K(p) @a T({ry}ves),

vES

which is an isomorphism if for some minimal prime a of A contained in
p, the rank of N,(a)? is equal to the rank of (Ny(a) ®4,q £(p))? for all
j =2 1 and for any v € S. Suppose ai,--- ,as are the minimal primes of
A contained in p. Let V; denote the maximal A-torsion free quotient of
T({rv}ves) ®a A/a;. Let W, denote the image of the diagonal map

k(p) ®a T({rv}ves) — H“(p) ®A/a; Vi

i=1

ANNALES DE L’INSTITUT FOURIER



PURITY FOR FAMILIES 899

Then there exists a k(p)-linear G-equivariant surjection

Sp ®%(rv,p) — Wy,
veS
which is an isomorphism if for some 1 < i < s, the rank of Nv(ai)j is equal
to the rank of (N(a;) @ a/q, £(p))? for all j > 1 and for any v € S.

Proof. — The statement about the map 7, (resp. g, ) is the content of [23,
Theorem 6.2.5] (resp. [23, Theorem 6.2.6]). O

The results stated above are proved by Emerton and Helm in [23], which
provides a formulation of the local Langlands correspondence (LLC, for
short) for families. Recall that LLC, proved by Harris and Taylor [30], as-
serts that there is a canonical bijection between the isomorphism classes of
irreducible admissible representations of GL,,(K) over C and the isomor-
phism classes of n-dimensional Frobenius-semisimple complex Weil-Deligne
representations of Wi . So roughly speaking, given a continuous represen-
tation r : Gx — GL,(A), an extension of LLC to families is expected to
provide a unique (up to isomorphism) admissible smooth representation
V of GL,(K) over A whose specializations at the primes of A would be
related to the representations of GL,, (K) attached via LLC to the special-
izations of r at the primes of A. Indeed, Theorem 5.1 says that given a
continuous representation r, : G, — GL,(A) of a decomposition group
of a number field F (we assume for simplicity that S contains a single
place v of E not dividing p), there exists at most one (up to isomorphism)
admissible smooth representation V' of GL,,(E,) over A such that condi-
tions (1) and (3) of Theorem 5.1 hold and for each minimal prime ideal a
of A, there is a G-equivariant isomorphism (as in equation (5.1)) between
k(a)®4V and the representation 7(r, 4) associated to the reduction r,, 4 of
r, modulo a via the Breuil-Schneider modified LLC. Let us assume that V'
exists and denote it by 7(r,). Moreover, by Theorem 5.2, for any prime p
of A[%] contained in exactly one irreducible component of SpecA[%], there
exists a k(p)-linear G,-equivariant surjection vy, : T(ry p) = K(p) @4 T(1y),
which is an isomorphism when the rank of no power of the monodromy
of r,  decreases under reduction modulo p for some minimal prime a of

A[%} contained in p. This describes the sense in which 7(r,) interpolates the
Breuil-Schneider modified LLC over SpecA[%]. Furthermore, even when p is
contained in multiple irreducible components of SpecA[Z%], then the state-
ment in Theorem 5.2 about the map =, is conjectured to hold (see [23,
Conjecture 6.2.7]) and is known to be true if n = 2 or n = 3 (by [23,

Proposition 6.2.8]). For a prime p of A[%] contained in multiple irreducible
components of SpecA[%], the existence of a map ¢, from 7(r, ) to W, is
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established (i.e., instead of having a map from 7(r, ) to k(p) @4 7(ry),
we have a map from 7(r, ) to W), which is the image of k(p) ®4 7(r,) in
a space mentioned in Theorem 5.2). Moreover, the map ¢, is a surjection
and is an isomorphism when the rank of no power of the monodromy of
Ty,q decreases under reduction modulo p for some minimal prime a of A[I%]
contained in p. On the other hand, Theorem 3.1 gives information about
non-degeneracy of monodromy under pure specializations. Thus combining

the above result with Theorem 3.1, we obtain the result below.

THEOREM 5.3. — Let S,G,r, be as in Theorem 5.1 and suppose that
the A[G]-module 7({r,}yecs) exists. Let p be a prime of A[l/p]. Suppose
there exists a Zy-algebra homomorphism i, : A — @p such that p is con-
tained inside the kernel of i, and r, ® 4, @p is pure for all v € S. Then the
surjection ¢, is an isomorphism. Moreover, if p lies on only one irreducible

component of SpecA[1/p], then the surjection v, is also an isomorphism.

Proof. — Let a denote a minimal prime of A contained in p. By Theo-
rem 3.1, the rank of the j-th power of monodromy of 7, 4 is equal to the
rank of the j-th power of the monodromy of 7, , for any j > 1 and any
v € S. So the result follows from Theorem 5.2. a

6. Families of Galois representations
This section illustrates the role of purity for families (Theorems 3.1, 4.3,
4.5) in the study of variation of local Euler factors, local automorphic types,

intersection points of irreducible components etc. for families of Galois
representations.

6.1. Hida families
For Hida theory of ordinary cusp forms, we follow [33] and refer to the

references [31, 32] contained therein. We follow [28] for Hida theory for
definite unitary groups.

6.1.1. Cusp forms
Let f =307, a,q™ be a normalized eigen cusp form of weight k > 2.

Then by the works of Eichler [21], Shimura [50], [51, 68c], Deligne [17], Ri-
bet [46, Theorem 2.3], there exists a unique (up to equivalence) continuous
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Galois representation py : Gg — GL2(Q,) such that trps(Fre) = a, for any
prime ¢ not dividing p and the level of f. Let 7(f) = @} 7(f)¢ denote the
irreducible unitary representation of GLa(Ag) corresponding to f (see [27,
Theorems 5.19, 4.30]).

Let N be a positive integer and p be an odd prime with p t N and
Np > 4. Let h°*? be the universal p-ordinary Hecke algebra of tame level
N (denoted h°™4(N;Z,) in [33]). It is a Z,[X]-algebra. Let a be a mini-
mal prime of h°™d. Let R(a) denote the ring h°™d/a and Q(a) denote the
fraction field of R(a). Let Q(a) be an algebraic closure of Q(a). Let S
denote the set of places of Q dividing Npoo. By [33, Theorem 3.1], there
exists a unique (up to equivalence) continuous (in the sense of [33, §3])
absolutely irreducible Galois representation p, : Gg.s — GL2(Q(a)) such
that pq has traces in R(a) and tr(pq(Fre)) = Ty mod a for all prime £{ Np
where T, € h°*d denotes the Hecke operator associated to £. A Z,-algebra
homomorphism A : A4 — @p is said to be an arithmetic specialization if
M1+ X)P" — (14 p)F=2P") = 0 for some integers k > 2 and r > 0. The
arithmetic specializations of h°™ are in one-to-one correspondence (by the
isomorphism of [33, Theorem 2.2]) with the p-ordinary p-stabilized (in the
sense of [55, p. 538]) normalized eigen cusp forms of tame level a divisor
of N and weight at least 2. Moreover, the trace of py, is equal to \ o trpg
for any arithmetic specialization X of h°™ with A(a) = 0. For an arithmetic
specialization A of h°*4, denote the corresponding ordinary form by fy and
the kernel of A by p,.

DEFINITION 6.1. — The automorphic type of a minimal prime a of h°™d
at a prime £ # p is defined to be the unordered tuple AT (a) if the automor-
phic types of w(fy)¢ are equal to AT (a) for all arithmetic specialization X
of h*d with \(a) = 0.

THEOREM 6.2. — Let a be a minimal prime of h**d and ¢ # p be a
prime. Then the following hold.

(1) If WD(pa|w,)¥** is indecomposable and has no monodromy, then
there exists an irreducible Frobenius-semisimple representation r
over R(a)™[1/p] such that WD (pq|w,)¥™ is isomorphic to r over
O(a) and WD(py, |w,)F**% is isomorphic to A3l o r for any arith-
metic specialization A of h°™d with A(a) = 0.

(2) If WD(pa|w, )™ is indecomposable and has nonzero monodromy,
then there exists an R(a)™*-valued character x of W, such
that WD(pa|w,)¥™ is isomorphic to Spy(x) over Q(a) and
WD(py, |w,)¥™ is isomorphic to A"l o Sp, () for any arithmetic
specialization A of h°* with A(a) = 0.
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(3) IfWD(pa|w, )¥*™® is decomposable, then there exist R(a)™**-valued
characters 1, x2 of Wy such that WD(pq|w, )
X1 @ x2 over Q(a) and WD(py, |w,)¥™ is isomorphic to Antalo
(x1 @ x2) for any arithmetic specialization \ of h°™d with A\(a) = 0.

is isomorphic to

Consequently, the notion of automorphic types of minimal prime ideals of
herd is well-defined.

The constancy of local automorphic types of arithmetic specializations is
also established in [40, §12.7.14], [43, Remark 2.4], [26, Lemma 2.14], [25,
Lemma 3.9] (see also the proof of [24, Proposition 2.2.4]).

Proof. — Note that trp, is a pseudorepresentation of Gg with values in
R(a) and p, is irreducible. For any prime p of R(a), the ring R(a), is
Noetherian. So its Henselization R(a)} is also Noetherian (see [29, Théo-
réme 18.6.6(v)]). Moreover R(a)} is Hausdorff by Krull’s intersection the-
orem (see [38, Theorem 8.10]). Fix a minimal prime n, of R(a)}. For each
arithmetic specialization A of h°'d with A(a) = 0, py, is an irreducible
Gg-representation (by [46, Theorem 2.3]) over an algebraic closure of the
residue field of R(a)}, /ny,. So, by [42, Théoreme 1], py, lifts to a repre-
sentation of Gg over R(a)y, /ny, and the trace of this lift coincides with
the trace of pg. Note that the map R(a) — R(a)}/n, is injective (since
the map R(a), — R(a)} is flat (by [29, Théoréme 18.6.6(iii)]) and flat
maps satisfy going down property by [37, (5.D) Theorem 4]) and pq|g, is
monodromic by Grothendieck’s monodromy theorem (see the proof of [3,
Lemma 7.8.14]). Moreover the G-representation py, |, is pure (by [9]). So
Theorem 4.3 gives parts (1), (2), (3). Since local-global compatibility holds

herd is contained in

for cusp forms (by [9]) and each minimal prime ideal of
the kernel of some arithmetic specialization of h°™ (as h°™ is free of finite

rank over Z,[X]), the final part follows. a

6.1.2. Automorphic representations for definite unitary groups

Let F be a CM field, F'* be its maximal totally real subfield. Let n > 2
be an integer and assume that if n is even, then n[FT : Q] is divisible by 4.
Let £ > n be a rational prime and assume that every prime of F'* lying
above £ splits in F. Let K be a finite extension of Q, in Q, that contains
the image of every embedding F' < Q,. Let S, denote the set of places of
F* lying above £. Let R denote a finite set of finite places of F'* disjoint
from S, and consisting of places that split in F'. For each place v € Sy U R,
choose once and for all a place v of F lying above v. For v € R, let Iw(v)
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be the compact open subgroup of GL,(Op,) and x, be the character as
in [28, §2.1, 2.2.

Let G be the reductive algebraic group over F' as in [28, §2.1]. For
each dominant weight A (as in [28, Definition 2.2.3]) for G, the group
G(A?;R) X [I,erIw(?) acts on the spaces Sy {y,1(Qy), Sﬁff{jxu}((’)K) (as
in [28, Definitions 2.2.4, 2.4.2]). For an irreducible constituent 7 of the
G(AOFO;R) X [1ye g Iw(0)-representation Sy 1y, 3(Qy), let WBC(mr) denote the
weak base change of m to GL,(Ar) (which exists by [36, Corollaire 5.3])
and let 7, : Gp — GL,(Q,) (as in [28, Proposition 2.7.2]) denote the
unique (up to equivalence) continuous semisimple representation attached
to WBC(7) via [12, Theorem 3.2.3].

An irreducible constituent 7 of the G (A%O;R) x]1,c g Iw(v)-representation
S Ay{XU}(@g) is said to be an ordinary automorphic representation for G if
PGl ngf{ixu}(U([b’C),(’)K) # 0 for some integers 0 < b < ¢ (see [28,
Definition 2.2.4, §2.3] for details). Let U be a compact open subgroup of
G(A%,), T be a finite set of finite places of F'* containing RU Sy and such
that every place in T splits in F (see [28, §2.3]). Let T°*® denote the univer-
sal ordinary Hecke algebra ’]I‘?)’ZT(U([OO), Ok) (as in [28, Definition 2.6.2]).
Let A be the completed group algebra as in [28, Definition 2.5.1]. By defi-
nition of T, it is equipped with a A-algebra structure and is finite over
A. An Ok-algebra homomorphism f : A — Q, is said to be an arithmetic
specialization of a finite A-algebra A if ker(f|a) is equal to the prime ideal
©x,a (as in [28, Definition 2.6.3]) of A for some dominant weight A for G
and a finite order character « : T,,(I) — Oj. By [28, Lemma 2.6.4], each
arithmetic specialization 1 of T°'? determines an ordinary automorphic
representation 7, for G. An arithmetic specialization 7 of T'¢ is said to
be stable if WBC(m,)) is cuspidal.

Let m be a non-Eisenstein maximal ideal of T°*¢ (in the sense of [28,
§2.7]). Let ry denote the representation of G g+ as in [28, Proposition 2.7.4].
Then by restricting it to Gr and then composing with the projection
GL,(T%) x GL{(T9) — GL,(T3), we get a continuous representation
Gr — GL,(T%4) which is denoted by r, by abuse of notation. Since m is
non-Eisenstein, the G p-representations 7o ry and rr, are isomorphic for
any arithmetic specialization n of T3¢ (by [28, Propositions 2.7.2, 2.7.4]).

DEFINITION 6.3. — Let w be a finite place of F not lying above ¢ and
a be a minimal prime of T*Y. If the maximal ideal of T*Y containing a is
non-Eisenstein and some stable arithmetic specialization of T°*¢ vanishes
on a, then the automorphic type of a at w is defined to be the unordered
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tuple AT,,(a) if the automorphic types of WBC(m,),, are equal to AT,,(a)
for all stable arithmetic specialization 1 of T with n(a) = 0.

THEOREM 6.4. — Let w 1 ¢ be a finite place of F', a be a minimal prime
of T9* and m be the maximal ideal of T°*? containing a. Suppose m is non-
Eisenstein. Denote the quotient ring TS /a by R(a) and the representation
rm mod a by r,. Then there exist positive integers m,t; < --- < t,,, and
irreducible Frobenius-semisimple representations r1,--- ,ry, of W, over
R(a)™*![1/¢] such that WD(ra|w,, )™ is isomorphic to &I, Sp,, (r;) over
Q(R(a)) and

(6.1) WD (7, lw,, )™ = €D Spy, (™ 0 74)
i=1

for any stable arithmetic specialization n of R(a). Consequently, the notion
of local automorphic types of minimal prime ideals of T'? is well-defined.
Moreover, two minimal prime ideals of T°'% are contained in two non-
Eisenstein maximal ideals and are both contained in the kernel of a stable
arithmetic specialization of T°"Y only if their automorphic types at any
finite place v 1 ¢ of F are the same.

Proof. — If 7 is an irreducible constituent of the G (AOFOJ;R )% e r Iw(v)-
representation Sy (y,}(Q;) such that WBC(nr) is cuspidal, then for any fi-
nite place w of F' not dividing ¢, r.|q, is pure by [8, Theorems 1.1, 1.2]
and the proofs of Theorem 5.8, Corollary 5.9 of loc. cit. Note that rq|w,,
is monodromic by Grothendieck’s monodromy theorem (see [49, pp. 515—
516]). So by Theorem 4.5, we obtain integers m, t1,- - - , t,, and representa-
tion r1, -+ , 7, with the prescribed properties such that WD (74w, )¥™° is
isomorphic to @7, Sp, (r;) over Q(R(a)) and equation (6.1) holds for any
stable arithmetic specialization n of R(a). By [8, Theorem 1.1] on local-
global compatibility of cuspidal automorphic representations for GL,,, the
notion of local automorphic types is well-defined. Finally, note that if a
minimal prime ideal b of T°" is contained in some non-Eisenstein maximal

ideal of T°™, then the local automorphic type of b at w is equal to the
automorphic type of WBC(my,),, for any stable arithmetic specialization n
of T with 7(b) = 0. So the last statement follows. O

6.2. Eigenvarieties

Let X be a rigid analytic space over a finite extension of QQ,,. The restric-
tion map between the global sections of two admissible open subsets U D V
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of X is denoted by resyy. For a point x of X, denote the rigid analytic
local ring of X at z by Ox , the map O(X) — Ox , by locx , the maxi-
mal ideal of Ox , by m,, the residue field of Ox , by k(z). Note that my,,
denotes the map Ox , — k(). If x is an element of X(Q,), then the map
oX)— @p is denoted by evx . For any admissible open subset U of X,
the ring O(U) is equipped with the coarsest locally convex topology such
that the restriction map O(U) — O(V) is continuous for any open affinoid
V C U (where O(V) is equipped with its Banach algebra topology).

Let E/Q be an imaginary quadratic field and G denote the definite
unitary group U(m) (as in [3, §6.2.2]) in m > 1 variables. We assume
that p splits in E. Let H denote the Hecke algebra as in [3, §7.2.1]. Let
Zy C Homring(’H,@p) x Z™ be the set of pairs (1(rr),k) associated to
the p-refined automorphic representations (7, R) of any weight k (see [3,
§7.2.2, 7.2.3]). Let e be the idempotent as in [3, §7.3.1] and let Z. C 2
denote the subset of (¢( ), k) such that e(n?) # 0. We assume that Z.
is nonempty. Then by [3, §7.3], there exists an eigenvariety for Z., i.e.,
there exist a reduced rigid analytic space X over a finite extension L of
Qp, a ring homomorphism ¢ : H — O(X), an analytic map w : X —
Hom((Z))™,GhE) Xq, L and an accumulation and Zariski-dense subset Z
of X(Q,) such that conditions (i), (ii), (iii) of [3, Definition 7.2.5] hold.
In particular, z ~ (evx . o 9,w(z)) induces a bijection Z = Z,. The
set Z is called the set of arithmetic points of X. Let Z..s, C Z be the
subset of points parametrizing the p-refined automorphic representations
(m,R) such that 7 is regular and the semisimple conjugacy class of m,
has m distinct eigenvalues (see [3, §7.5.1]). By [3, Lemma 7.5.3], Z,¢ is a
Zariski-dense subset of X. For each z € Z, we fix a p-refined automorphic
representation m, of U(m) such that z corresponds to 7, under the bijec-
tion Z = Z.. For each z € Zreg, let p,p : Gg — GLm(@p) denote the
unique (up to equivalence) continuous semisimple representation attached
to WBC(wr,) via [12, Theorem 3.2.3]. By [3, Proposition 7.5.4], there exists
an m-dimensional continuous pseudorepresentation T : Gg — O(X) such
that evy , o1 = trp,, for all z € Z,es. Let Zfég denote the set of points
Z € Zyeg such that WBC(7r,) is cuspidal. Note that by [8, Theorems 1.1,
1.2], the representation p. ,|w,, is pure for any 2 € Z3¢,. For z € Z3,, the
Galois representation p, ; is expected to be irreducible. It is known when
m < 3 by [5] and in many cases when m = 4 by an unpublished work of Ra-
makrishnan. By [44, Theorem D], it is known for infinitely many primes p.

DEFINITION 6.5. — Let w be a finite place of E not lying above p and

Yy be an irreducible component of X such that ngg MYy is nonempty.
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The automorphic type of Yy at w is defined to be the unordered tuple
AT, (Yy) if the automorphic types of WBC(r,),, are equal to AT,,(Yy) for
all z € Z8 NYy.

reg

Let & : X — X be a normalization of X. Let C be a connected component
of X and Y be the irreducible component £(C) (together with its canonical
structure of reduced rigid space) of X. By [16, Lemma 2.2.1 (2)], the map
€lc : C — Y is a normalization. For each z € X(Q,)NY’, we fix a point Z in
C(Q,) which goes to z under the map C(Q,) — Y (Q,). Note that O(C) is
a domain by [16, Lemma 2.1.4]. So by [53, Theorem 1], there exists a unique
(up to equivalence) semisimple representation o of G over Q(O(C)) such
that troc =resg c° EoT.

LEMMA 6.6. — For any finite place w of E not lying above p, the re-
striction of o¢ to W, is monodromic.

Proof. — Let U C C' be a nonempty open affinoid. Let oy be a semisim-
ple representation of G over Q(O(U)) such that troy = rescy oresg 0o
T. Note that the pseudorepresentation T': Gg — O(X) (mtroduced before
Definition 6.5) is continuous by [3, Proposition 7.5.4] where Gg has the
profinite topology and O(X) has the topology mentioned in the beginning
of §6.2. So the pseudorepresentation rescy ores o 0&0oT is also continuous.
Hence the restriction of oy to Wy, is monodromlc by [3, Lemmas 7.8.11(i),
7.8.14]. Note that the map resgy is injective by [16, Lemma 2.1.4]. Since
the semisimple representations oc ® Q(O(U)) and oy have same traces,
they are isomorphic. So o¢|w,, is monodromic. |

THEOREM 6.7. — Let w { p be a finite place of E. Suppose that the
intersection of ergg with any irreducible component of X is nonempty and

for any z € ngg, the Galois representation p. , is irreducible. Then there

exist positive integers n,ty, - - - ,ty, irreducible Frobenius-semisimple repre-
sentations rq,- - ,r, of Wy, over O(C)™?! such that the following hold.

(1) There is an isomorphism
WD(oc|w, ) @ Spy, (74)-

(2) If z € Z5£, NY, or more generally if z € Y(Q,) such that evx, o T

reg
is the trace of an irreducible representation p,, : Gg — GL,, (Qp)
and p, ,|w, Is pure, then there is an isomorphism

F t 1 tal
WD (pz plw, )™ @Spt et olocg® o).
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(3) Let V' be a nonempty connected admissible open subset of C' and
(pv, Nv) : Wy — GL,, (O(V)i2%al) be a Weil-Deligne representa-
tion such that rescy oreskvcogoT = trpy and fyo(py, Ny ) is pure
for some map fy : O(V)ntal @p. Then there is an isomorphism

((pv, Nv) ®o(v) Q(O(V))™™ =~ (resghit! o (pc, Ne)) ®ovyma QO(V)).

Consequently, the notion of local automorphic types of irreducible com-
ponents of X is well-defined. Moreover, two irreducible components of X
intersect at a point of Zf;g only if their local automorphic types at any
finite place of E outside p are the same.

Proof. — Note that res; o o T' is a pseudorepresentation of G with
values in O(C). It is equal to the trace of the semisimple representation
oc, whose restriction to W, is monodromic by Lemma 6.6. Let z be a
point as in part (2). Then the tuple (O¢ 3, ms, k(2),locc z, p. p) lies in the
irreducibility and purity locus of resg ,0£oT. So parts (1), (2) follow from
Theorem 4.5 and part (3) follows from Theorem 4.3. By [8, Theorem 1.1]
on local-global compatibility of cuspidal automorphic representations for
GL,,, the notion of local automorphic types is well-defined. Finally, note
that if an irreducible component Yy of X has nonempty intersection with
Zs:ggv
to the automorphic type of WBC(r,),, for any z € erég NYp. Consequently,
if two irreducible components of X intersect at a point of Z5¢ | then their
local automorphic types at any finite place of E outside p are the same.

reg’
This completes the proof. O

then its automorphic type at a finite place w of E outside p is equal

Acknowledgements

It is a pleasure to thank Olivier Fouquet for sharing his ideas and mak-
ing valuable comments on the earlier versions of this manuscript. I am
indebted to Joél Bellaiche and Laurent Clozel for suggesting corrections
and improvements. I also thank Adrian Iovita for suggesting a reference. I
am grateful to Bas Edixhoven for kindly pointing out a serious error in an
earlier version of this article. A part of this work was completed as a com-
ponent of my thesis and I would like to acknowledge the financial support
provided by the Algant consortium during my doctoral studies at Univer-
sité Paris-Sud and Universita degli Studi di Padova. I also acknowledge the
financial support from the ANR Projet Blanc ANR-10-BLAN 0114. I thank
the anonymous referee(s) for providing helpful comments. This article was

TOME 67 (2017), FASCICULE 2



908 Jyoti Prakash SAHA

revised during my stay at the Max Planck Institute for Mathematics. Dur-
ing the preparation of this article, I benefited from discussions with Yiwen
Ding, Santosh Nadimpalli.

BIBLIOGRAPHY

[1] F. ANDREATTA, A. IoviTA & G. STEVENS, “Overconvergent Eichler—Shimura iso-

morphisms”, J. Inst. Math. Jussieu 14 (2015), no. 2, p. 221-274.

J. BELLAICHE & G. CHENEVIER, “Formes non tempérées pour U(3) et conjectures

de Bloch-Kato”, Ann. Sci. Ec. Norm. Supér. 37 (2004), no. 4, p. 611-662.

, “Families of Galois representations and Selmer groups”, Astérisque (2009),

no. 324, p. xii+314.

D. Brasius, “Hilbert modular forms and the Ramanujan conjecture”, in Noncom-

mutative geometry and number theory, Aspects Math., E37, Vieweg, Wiesbaden,

2006, p. 35-56.

D. Brasius & J. D. Rocawskl, “Tate classes and arithmetic quotients of the two-

ball”, in The zeta functions of Picard modular surfaces, Univ. Montréal, Montreal,

QC, 1992, p. 421-444.

C. BREUIL & P. SCHNEIDER, “First steps towards p-adic Langlands functoriality”,

J. Reine Angew. Math. 610 (2007), p. 149-180.

[7] C. J. BusHNELL & G. HENNIART, The local Langlands conjecture for GL(2),
Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of
Mathematical Sciences|, vol. 335, Springer-Verlag, Berlin, 2006, xii+347 pages.

2

3]

[4

[5

6

8

A. CARAIANI, “Local-global compatibility and the action of monodromy on nearby
cycles”, Duke Math. J. 161 (2012), no. 12, p. 2311-2413.

H. CARAYOL, “Sur les représentations l-adiques associées aux formes modulaires de
Hilbert”, Ann. Sci. Ec. Norm. Supér. 19 (1986), no. 3, p. 409-468.

[10] G. CHENEVIER, “Familles p-adiques de formes automorphes pour GL,”, J. Reine
Angew. Math. 570 (2004), p. 143-217.

[11] ——, “On the infinite fern of Galois representations of unitary type”, Ann. Sci.
Ec. Norm. Supér. 44 (2011), no. 6, p. 963-1019.

[12] G. CHENEVIER & M. HARRIS, “Construction of automorphic Galois representations,
I1”, Camb. J. Math. 1 (2013), no. 1, p. 53-73.

[13] L. CLozEL, “Motifs et formes automorphes: applications du principe de fonctorial-
ité”, in Automorphic forms, Shimura varieties, and L-functions, Vol. I (Ann Arbor,
MI, 1988), Perspect. Math., vol. 10, Academic Press, Boston, MA, 1990, p. 77-159.

, “Purity reigns supreme”, Int. Math. Res. Not. IMRN (2013), no. 2, p. 328-

[9

(14]
346.

[15] R. COLEMAN & B. MAZUR, “The eigencurve”, in Galois representations in arithmetic
algebraic geometry (Durham, 1996), London Math. Soc. Lecture Note Ser., vol. 254,
Cambridge University Press, 1998, p. 1-113.

[16] B. CONRAD, “Irreducible components of rigid spaces”, Ann. Inst. Fourier (Grenoble)
49 (1999), no. 2, p. 473-541.

[17] P. DELIGNE, “Formes modulaires et représentations l-adiques”, in Séminaire Bour-
baki. Vol. 1968/69: Exposés 347-363, Lecture Notes in Math., vol. 175, Springer-
Verlag, 1971, p. Exp. No. 355, 139-172.

[18] ———, “Formes modulaires et représentations de GL(2)”, in Modular functions of

one variable, II (Proc. Internat. Summer School, Univ. Antwerp, Antwerp, 1972),
Springer-Verlag, Berlin, 1973, p. 55-105. Lecture Notes in Math., Vol. 349.

ANNALES DE L’INSTITUT FOURIER



19]

20]
(21]

(22]

[23]
[24]
[25]
[26]
[27]

28]

29]

(30]

(31]
(32]

(33]

(34]
(35]

(36]

37)

(38]

PURITY FOR FAMILIES 909

, “Les constantes des équations fonctionnelles des fonctions L”, in Modu-
lar functions of one variable, II (Proc. Internat. Summer School, Univ. Antwerp,
Antwerp, 1972), Springer-Verlag, Berlin, 1973, p. 501-597. Lecture Notes in Math.,
Vol. 349.

, “La conjecture de Weil. 117, Inst. Hautes Etudes Sci. Publ. Math. (1980),
no. 52, p. 137-252.

M. EICHLER, “Quaternire quadratische Formen und die Riemannsche Vermutung
fur die Kongruenzzetafunktion”, Arch. Math. 5 (1954), p. 355-366.

M. EMERTON, “Local-global compatibility in the p-adic Langlands programme
for GLjy,q”, preprint available at http://www.math.uchicago.edu/~emerton/
pdffiles/lg.pdf, 2011.

M. EMERTON & D. HELM, “The local Langlands correspondence for GL,, in fami-
lies”, Ann. Sci. Ec. Norm. Supér. 47 (2014), no. 4, p. 655-722.

M. EMERTON, R. PoLLACK & T. WESTON, “Variation of Iwasawa invariants in Hida
families”, Invent. Math. 163 (2006), no. 3, p. 523-580.

O. FouQuET, “Dihedral Iwasawa theory of nearly ordinary quaternionic automor-
phic forms”, Compos. Math. 149 (2013), no. 3, p. 356-416.

O. FouQueT & T. OcHIAL “Control theorems for Selmer groups of nearly ordinary
deformations”, J. Reine Angew. Math. 666 (2012), p. 163-187.

S. S. GELBART, Automorphic forms on adéle groups, Princeton University Press,
Princeton, N.J., 1975, Annals of Mathematics Studies, No. 83, x+267 pages.

D. J. GERAGHTY, Modularity lifting theorems for ordinary Galois representa-
tions, ProQuest LLC, Ann Arbor, MI, 2010, Thesis (Ph.D.)-Harvard University,
131 pages.

A. GROTHENDIECK, “Eléments de géométrie algébrique. IV. Etude locale des sché-

mas et des morphismes de schémas IV”, Inst. Hautes Etudes Sci. Publ. Math.
(1967), no. 32, p. 361.

M. HARRIS & R. TAYLOR, The geometry and cohomology of some simple Shimura
varieties, Annals of Mathematics Studies, vol. 151, Princeton University Press,
Princeton, NJ, 2001, With an appendix by Vladimir G. Berkovich, viii+276 pages.

H. HipaA, “Galois representations into GL2(Zp[[X]]) attached to ordinary cusp
forms”, Invent. Math. 85 (1986), no. 3, p. 545-613.

————, “Iwasawa modules attached to congruences of cusp forms”, Ann. Sci. Ec.
Norm. Supér. 19 (1986), no. 2, p. 231-273.

, “On p-adic Hecke algebras for GL3”, in Proceedings of the International
Congress of Mathematicians, Vol. 1, 2 (Berkeley, Calif., 1986) (Providence, RI),
Amer. Math. Soc., 1987, p. 434-443.

, “Control theorems of p-nearly ordinary cohomology groups for SL(n)”,
Bull. Soc. Math. France 123 (1995), no. 3, p. 425-475.

L. ILLUSIE, “Autour du théoréme de monodromie locale”, Astérisque (1994), no. 223,
p- 9-57, Périodes p-adiques (Bures-sur-Yvette, 1988).

J.-P. LABESSE, “Changement de base CM et séries discrétes”, in On the stabilization
of the trace formula, Stab. Trace Formula Shimura Var. Arith. Appl., vol. 1, Int.
Press, Somerville, MA, 2011, p. 429-470.

H. MaTsumurA, Commutative algebra, second ed., Mathematics Lecture Note Se-
ries, vol. 56, Benjamin/Cummings Publishing Co., Inc., Reading, Mass., 1980,
xv+313 pages.

, Commutative ring theory, second ed., Cambridge Studies in Advanced
Mathematics, vol. 8, Cambridge University Press, Cambridge, 1989, Translated from
the Japanese by M. Reid, xiv+320 pages.

TOME 67 (2017), FASCICULE 2


http://www.math.uchicago.edu/~emerton/pdffiles/lg.pdf
http://www.math.uchicago.edu/~emerton/pdffiles/lg.pdf

910 Jyoti Prakash SAHA

[39] B. MAZUR, “Deforming Galois representations”, in Galois groups over Q (Berkeley,
CA, 1987), Math. Sci. Res. Inst. Publ., vol. 16, Springer-Verlag, New York, 1989,
p. 385-437.

[40] J. NEKOVAR, “Selmer complexes”, Astérisque (2006), no. 310, p. viii+559.

[41] J. NEUKIRCH, A. SCHMIDT & K. WINGBERG, Cohomology of number fields, second
ed., Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of
Mathematical Sciences], vol. 323, Springer-Verlag, Berlin, 2008, xvi+825 pages.

[42] L. NYSSEN, “Pseudo-représentations”, Math. Ann. 306 (1996), no. 2, p. 257-283.

[43] T. OcHIAL “On the two-variable Iwasawa main conjecture”, Compos. Math. 142
(2006), no. 5, p. 1157-1200.

[44] S. PATRIKIS & R. TAYLOR, “Automorphy and irreducibility of some I-adic represen-
tations”, Compos. Math. 151 (2015), no. 2, p. 207-229.

[45] A. G. M. PAuULIN, “Local to global compatibility on the eigencurve”, Proc. Lond.
Math. Soc. 103 (2011), no. 3, p. 405-440.

[46] K. A. RIBET, “Galois representations attached to eigenforms with Nebentypus”, in
Modular functions of one variable, V (Proc. Second Internat. Conf., Univ. Bonn,
Bonn, 1976), Springer-Verlag, Berlin, 1977, p. 17-51. Lecture Notes in Math., Vol.
601.

[47] P. ScHOLZE, “Perfectoid spaces”, Publ. Math. Inst. Hautes Etudes Sci. 116 (2012),
p. 245-313.

[48] J.-P. SERRE, Abelian l-adic representations and elliptic curves, Research Notes in
Mathematics, vol. 7, A K Peters Ltd., Wellesley, MA, 1998, With the collaboration
of Willem Kuyk and John Labute, Revised reprint of the 1968 original, 199 pages.

[49] J.-P. SERRE & J. TATE, “Good reduction of abelian varieties”, Ann. Math. 88
(1968), p. 492-517.

[50] G. SHIMURA, “Correspondances modulaires et les fonctions ¢( de courbes al-
gébriques”, J. Math. Soc. Japan 10 (1958), p. 1-28.

[51] , Collected papers. Vol. II. 1967-1977, Springer-Verlag, 2002, xiv+831 pages.

[62] S. W. SHIN, “Galois representations arising from some compact Shimura varieties”,
Ann. Math. 173 (2011), no. 3, p. 1645-1741.

[53] R. TAYLOR, “Galois representations associated to Siegel modular forms of low
weight”, Duke Math. J. 63 (1991), no. 2, p. 281-332.

[54] R. TAYLOR & T. YOSHIDA, “Compatibility of local and global Langlands correspon-
dences”, J. Amer. Math. Soc. 20 (2007), no. 2, p. 467-493.

[65] A. WILES, “On ordinary A-adic representations associated to modular forms”, In-
vent. Math. 94 (1988), no. 3, p. 529-573.

Manuscrit recu le 17 novembre 2014,
révisé le 11 avril 2016,
accepté le 21 juin 2016.

Jyoti Prakash SAHA

Max Planck Institute for Mathematics
Vivatsgasse 7

53111 Bonn (Germany)

saha@mpim-bonn.mpg.de

ANNALES DE L’INSTITUT FOURIER


mailto:saha@mpim-bonn.mpg.de

	1. Introduction
	1.1. Motivation
	1.2. Purity for families
	1.3. Applications of purity for families
	1.3.1. Local Langlands correspondence for GLn in families
	1.3.2. Hida families and eigenvarieties

	1.4. Notations

	2. Local Galois representations
	3. Purity for big Galois representations
	4. Purity for pseudorepresentations
	4.1. Preliminaries
	4.2. Pseudorepresentations of Weil groups
	4.3. Pure specializations of pseudorepresentations of global Galois groups

	5. Local Langlands correspondence for GLn in families
	6. Families of Galois representations
	6.1. Hida families
	6.1.1. Cusp forms
	6.1.2. Automorphic representations for definite unitary groups

	6.2. Eigenvarieties
	Acknowledgements

	Bibliography

