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p-ADIC INTERPOLATION
OF LOGARITHMIC DERIVATIVES
ASSOCIATED TO CERTAIN
LUBIN-TATE FORMAL GROUPS

by John L. BOXALL

Introduction.

The purpose of this paper is to study the p-adic interpolation
properties of the values of logarithmic derivatives of power series
at O attached to certain one-dimensional formal groups over p-adic
integer rings. The earliest results at this kind were given in Iwasawa [3],
following the then unpublished work of Kubota and Leopoldt [9],
who applied them to the construction of p-adic L-functions attached
to Dirichlet characters. They were subsequently used to construct
p-adic L-functions in other contexts, notably those attached to
abelian extensions of ‘totally real fields [1] and to elliptic curves
with complex multiplication, at least when p splits in the field of
complex multiplication. We first recall the interpolation results of
Iwasawa, Kubota and Leopoldt in a form similar to that in
Lichtenbaum [10, §1]. Fix an odd prime p and let C, be the
completion of the algebraic closure of Qp. We denote by
v :C;‘ —> Q the valuation normalised so that v(p) = 1. Let Q,
be the ring of power series

n

o ¢, T
fM =Y €, [Tv(e,) — =asn — (. (1)
n=0 .

For B€Z/(p —1)Z and f€Q, define f; to the power series
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p—1

1
f(T) = A1) == YA+ -1 if g=0,
0

c=

() °) ®
=T 2 fEQ +T)— l)w_ﬁ(c) if B+#0.
c=1

Here £ is a fixed primitive p-th root of unity, w: Z;‘ e Z;“ is the
Teichmuller character (i.e. for each a € Z;" w(a) is the unique
p — 1 — st root of unity such that w(a) = a (mod p)) and the Gauss
sum 7(B)is defined by
r—1
@) = X J@)§.

a=1

Let © be the ring of integers of C, and u a topological generator
of the Zp -module (1 + p Zp »*; then the interpolation theorem
may be stated as follows.

THEOREM A. — (i) Let f€Q, and a€Z/(p—1)Z. Then there
exists a unique continuous function C}“):ZP——* C, such that
for each BE Z/(p—1)2Z

a o d \k
¢ ) = (= 1" (1 + D =) fuy (M hieg

whenever k20 and k€.

(i) If f€ O [[T]] then €O [[T]) for each B and there
is a unique power series G}") (X) € 0 [[X]] such that

G (w — 1) = C¥ (s)
for all s€ Zp .

The existence of the power series G}“) in (ii) is equivalent
to the assertion that C}“) is an Iwasawa function (see Serre [14]),
or that it is p-adic Mellin transform of a Mazur measure (see
Lang [8, Chapter 4] or Mazur and Swinnerton-Dyer [12]).

We now explain the generalisation of Theorem A to which this
article is devoted. Let ¥ be a (commutative) one dimensional formal
group over the ring of integers (9Fp of a finite extension F, of Q,.
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Let Kp be another finite extension of Qp, of degree 4 and
ramification index e, let @KP be the ring of integers of Kp ,MT a

uniformising parameter for Kp , and g (a power of p) the cardinality
of the residue class field ka. We suppose that & is isomorphic

over © to the basic Lubin-Tate group &, associated to the
polynomial #T + T?, so that in particular the height of & is 4.
Let n, be a fixed non-trivial element of ker [w], the =-division
points of &, and write N\ for the logarithm of & . The Teichmuller
character w:(‘);’;p — G,’QP is defined by taking w(a) to be

the unique g — 1 — st root of unity in Kp which satisfies
w(a) =a(mod ). Also, for each residue class BEZ/(g—1)Z we
denote by 7(B) the Gauss sum to be definedin § 1. If f €0 [[T]],
we define AD f by

1
(A9 F(T) =f(T)—;Z f(T+ 4lelmg)) if B=0,

3)
TOS fT el 0P i B0
q c#0

Here the sum is taken over a complete set of representatives {c} of
ka in Ok, if =0 and of k;';p if B=0. Let e be the

ramification degree of Kp over Qp. We shall prove

THEOREM B. — Suppose that e<p — 1. Let f€0 [[T]] and
a€2Z/(q—1)2. Then there exists a constant Qpecp with
1 1
p—1 el@—1
C\¥:Z, —> C, such that for each BEZ|(q — 1) Z
(—1)*# ( 1 d

k
—_— (@—p)
o o ) GEPH D @

v(Qp) = and a unique locally analytic function

C (k) =

whenever k=20 and kEf.
(Locally analytic means that C}“) can be expanded in a Taylor
series about every s, € Z).

If & is the multiplicative group G,, (so that # = 1), it is easy
to see that Theorem B reduces to a weaker form of Theorem A (iii) ;



4 J.L. BOXALL

more generally, if % is an arbitrary formal group of height 1 the
results of Lubin [11] imply that & is isomorphic to G,, and so it

is possible to deduce a much stronger form of Theorem B from
Theorem A ; thus we shall only regard Theorem B as being of interest
when the height of & is > 2. After some preliminaries in § 1, we
define in § 2 a subring B, of Cp[[T]] which is the analogue of
Q, and prove the existence of a continuous function interpolating
the right hand side of (4). In § 3 we describe a condition on the
fE€ B, which ensures that C}“) is locally analytic while in § 4 we
show that this condition is satisfied if f€ O [[T]].

A weaker form of Theorem B in the case when the height of
& is 2 has been proved by Katz [6], [7] and also by Rubin [13],
but our argument is more in the line of Lichtenbaum’s proof of
Theorem A, and in fact there is more than a germ of these ideas in
Kummer’s note [4].

In a subsequent paper we shall show how these results can be
used to construct p-adic L-functions attached to elliptic curves with
complex multiplication, even if p is inert or ramified in the field
of complex multiplication. It would be interesting to find applications
of our results to other situations. For example the power series studied
by Coleman [2] and to generalise Theorem B to other kinds of formal
groups.
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support furing its preparation. My thanks also go to Dr B.J. Birch for
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1. Preliminaries.

Let p be an odd prime. The symbols Z, Z,, Q, Q, have
their usual meaning and we write Z, for the non-negative integers.
Let Cp denote the completion of the algebraic closure of Qp,(9
its ring of integers and m its maximal ideal. We denote by
v:C: — Q the p-adic valuation normalised so that v(p) = 1.
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If L,J is a subfield of Cp we write OLP for its ring of integers,
mp, for its maximal ideal, and kLp for the residue class field;

u,(L,) is the group of n-th roots of unity in I.p and p(Lp) the
group of all roots of unity in Lp. Let w: 0* — u(Cp) be the
Teichmuller character; if a€ O* then w(a) is the unique
prime-to-p-th root of unity congruent to a (mod m); we also use
w for its restriction to Ofp for any subfield Lp. Let Kp denote

an extension of Qp of degree h and residue class degree e, and
q (a power of p) the cardinality of ky . We consider a
one-dimensional (commutative) formal group & defined over
(9Fp , Where Fp is another finite extension of Qp , and as in the
Introduction we assume that % is ©-isomorphic to the Lubin-Tate
group associated to the polynomial #T + T?, where 7 is a
uniformising parameter for Kp (for the theory and basic properties
of such groups see Lang [8, Chapter 8]). This implies that the absolute
endomorphism ring of & is isomorphic to (‘)Kp , and we may suppose

that all the elements of End (%) are defined over Fp, and that
Kp - Fp. Let A(T) be the logarithm of & , i.e. the unique element
of F,[[T]] satisfying

AX+ Y)=AX) +N(Y) and NT)=T+O(T?.

It is well-known that N’ (T)E 1 + T @ [[T]] and in fact that

1 )
——=—GX,Y) |x=1 v= 5
(see Lang [8, Chapter 7]). We denote by ker [w] the group of
order g which is the kernel of multiplication by 7 in the group
law of &, and fix a non-trivial element n, of ker[w], so that
ker [7] = {[c}(n,)} as c runs over a set of representatives for ka
in (9Kp (here [c] € End (%) denotes the element corresponding
to c€ OKP).
Let

g={feO[[TNIfX+ ) =FfX)f(Y) and f(0)=1}.(6)

Then 3€ can be identified with Hom e>(€'i7 ,G,,). It is evident that
every f€ ¥€ induces an element of Hom (Tpﬁ ,T G ), Tp % and

14 m
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’I‘,J G,, being the Tate modules of & and G,, respectively. According
to an important result of Tate [15] the induced map

Hom, (¥,G,,) — Hom (Tpg,Tme)

is an isomorphism of Z,-modules. From this we deduce the following
facts which are vital to the following discussion.

FACT 1: 8@ isa free Zp-module of rang k.

FACT 2 : For each non-zero element n of ker [n] there exists
t € ¥ such that #(n) is a primitive p-th root of unity.

In our case, if ¢ € e thenalso to [a] € ¥ whenever a € OKp s
and so Y€ acquires the structure of an OKp-module, which must

necessarily be free of rank one: we fix a generator ¢, and write
t, for t, o [a]. Define a constant §2, by

t,(T) =1+ Q,aT + O(T?). @)

We denote by Diff (%) the ©-algebra of all % -invariant
differential operators taking © [[T]] into itself (recall that
g-invariant means that (Df) (T + cw) =D(f(T + ,w)) for all
D € Diff (&), f€ O[[T]] and w€&€ m). It is known that Diff (%)
is the free ©-module on the operators D,, n€Z, defined by the
“Taylor expansion”

oo

FX+ V=2 O, HXY". (8)

n=0
We now recall some properties of ¥ and Diff &) (cf. [6], [7]).

LEMMA 1. — (i) Each t € 3@ is a simultaneous eigenfunction for
all the D€EDIff (F); in fact (Dt)(T) = Dt(0) ¢ (T).

(ii) We have the expansion

(=3 D, 00T .
n=0

1
(iii) (Do H M =f(T) and (le)(T)=mf'(T) for all

fe Cp [[T]}, ie. D, is the logarithmic derivative of .
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W) If a,b€ 0O, then t,,,(T)=t,(D)1,(), t,(T) =1,
tp(T) = t,((BUT) = ,([a)(T), and if bE Z,, then

oo

— b _ ? . n b
t,,(T) = t,(T) - (£,(T) — 1) <n>

n

Proof. — (i) We have
Dt(T + ,w) =D@(T + ,w)) = D((T) t(w)) = (D) (T) t(w)

for all w&m. Putting T =0 we obtain (D¢) (w) = (D#) (0) t (w)
and since w is arbitrary the assertion follows.

(ii) This is the specialcase X =0, Y =T of (8).
(iii) Since
o Y8 fE(X,Y
X+ ) = fsx, Yy = ¥ - HEEY)
n=0 n! 8Y Y =0
by the “usual” Taylor expansion, we find that D,f = f and

5f(F(X,Y)) 1 )
2AALARS) = —— (T
5  lxer veo am’ P

using the chain rule together with (5).

D, NH (M) =

(iv) This is obvious from the definition of 5€ ; note that the
last expression is well-defined since #,(T) — 1 has no constant term.

Our next task is to define the Gauss sum 7(8) appearing in
Theorem B. Fact 2 above together with part (iv) of Lemma 1 tell
us that ¢, induces a homomorphism from ker [7] onto up(Cp)
if and only if a # 0(mod 7). In particular t, = t, (restricted to
ker [7]) if and only if ¢ = b (mod 7).

LemMMA 2. — (ii) Let nE€ ker [n]. Then

X =0 if n#0

amod 7
=q if n=0.
(ii) Let a€ @KP. Then

Y tm=0 if a#0(modn)

nEkernw

=q if a=0(modm).
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Proof. —()If n#0 then 2. f(n)=qp~! % &£=0 while
a genp

if =0 then X ()= 2. 1=gq by Fact 2. The proof of(ii)
a a

is similar.

Now let BE€Z/(q —1)Z with B+ 0 and recall that n, is a
fixed non-trivial element of ker[w]. Define

r@® = Y @) t,(u] (),

u

where X’ ‘indicates that the sum is taken over a complete set of
representatives of k;'gp in OKP (i.e. omitting the term « = 0(mod 7)) ;

and write 7(8) for 7,(8). The 7,(8)'s may be thought of as Gauss
sums and we have

LemMa 3. — (i) 7,(8) = 0P (@) T (B) if a€ O} .
G) @) 7B =(—1lgq.

Proof. — (i) We have 7,(8) Y P ([u] (o)

u

Y W) t, (au] (n,))

u

w () 37 W’ (au) t, ([au] (n,))

and (i) follows.

(ii) we have

TB)7(— B

2 wf () WP () 1, ([u] (mg)) £, (0] (ny))

u,

<

2' WP ) WP (—xu) t, (lu — xu] (ny))

(on writing v = — xu)

=1y le—ﬂ(x) 2’ t,([u — xu] (ny)).
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But by Lemma 2 (ii) ZI t,([u —xu) (ny)) =q — 1 if x =1 (mod 7)
u

and — 1 otherwise. Therefore

BT =B =—1Plg—-D+ = & Px) (D]
x#F1(n)

= 1Dg—D+EDE D]
=(—1)¥gq,

as claimed.

2. An interpolation theorem.

In this section we define a ring of power series B, CC [[Th
and a “‘twisting operator” A% for each residue class 8 mod (q —1)
of Z, and prove an interpolation theorem for the quantities
D*A® pH@©), k=0,1,2,..., where D, = Wl)d_df and
fEB,.

We first introduce a notational convention which will be in
constant use throughtout this and the next section : if x €C” 5 (Tesp. K
resp. Z+ etc.) then we denote the i-th component of x by x
Conversely, if a system of & elements of Cp (resp. K,, resp. Z
etc.) has been denoted by a letter with suffices i = 1,2,...,h
then the same letter (without a suffix) is used for the corresponding
elemenﬁ of C’; (resp. K: , resp. Z etc.). If n€2Z" we write n!
for II n!. If X,,X,,..., X, areindeterminates, the monomial

i=1
X]! X3%... X" is abbreviated to X”; however the letter T will
always stand for a single indeterminate.

Let x € @','(p be a basis for @Kp over Zp, and Q, the ring

F(X)

R X
= Z&C"n, €C,[[X,,X,,- .., X, v(c,) — o asn —> ool
ne ¢
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Define a homomorphism €: Q, — Cp [[T]] by setting
e(X;) = 1tx,(T) — 1

for each i=1,2,...,h. This is well-defined since #,(T) — 1 has
no constant term.

DEFINITION. — B, is the image of € in C,[[T]]. If a€ Oy
h p

we can write a = X, v;x; where v,€Z, and so (using Lemma I

-

h h
(iv)) t,(T) =11 txi(T)vi =€ ( nma+ X,.)ui). This implies at once

i=1 i=1

that B, doesnot depend on the choice of basis x.

Let BE€2/(gq —1)Z. One would like to define the ©-linear
operator A9 : B, —> C,[[T]] by

1
(A9 £)(T) = £(T) —-;Z F(T) + J[ul (ny)) if =0,

T( ) A\l — .
= YD+ Jul ) w P w)  if B#0.
u
However at first sight it is not clear whether this is well-defined owing
to the possible presence of denominators in the coefficients of f.
The fact that it is follows from

LeMMA 4. — Let n€ker(n] and fE€B,. Then f(T + 4n)
is a well-defined element of B,, whence A® s a well-defined
operator taking values in B, .

Proof. —Let f=¢€(F) with F&€Q,. Define {€ (up(Cp))"

by &= tx,m) for each i=1,2,...,h. It is well-known that
T
v — D> and v(n!) < if n€2". These estimates

p— p—1
imply that

FoXy, o X)) i=F((& - D+ X, — D+ $ X))

is an element of Q,. Now since
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t,(T+tm—1=t,(Dt,(n)—1=¢t,(m)—1+¢t,mn) ¢, (T)—1)
we have

F(, (T+gm = 1,6, (T+m) =1

= F (@, (T) — S M- O

and so we would like to define f(T + 4n) by the right hand side of
(9). To do this we need to check that this is independent of the choice
of F. One way to do this is as follows; — it suffices to consider the
case f=0: now FE€Q, implies that F converges at all zeCZ

1
with v (z;) = " and y —> txi(y) — 1 defines a homeomorphism
p—

from an open subset IU of Cp containing the origin into Cp-.
Hence

F(ty,, M—1,....4, (N ~=1)=0 in C,[[T]]
implies that
Flty, 0)=1,....1,, )= 1) =0
for all y € 9, ie.
F§, = D+80, 00— D, @ = D+ 8,3, 0)—1)=0
and therefore | |
Felty, )= 1,...,6, ) —1)=0

for all ' such that y' + 4N EIL . Since a power series that vanishes
on an open set on which it converges vanishes identically, we conclude
that

Fe(t,, (T) — 1,...,tx1 M —1=0
which is what is required.

The following lemma shows tha; any f€ B, can be decomposed
as a sum of functions on which the A®’s act especially simply.

LEMMA 5. — Let fE€B, and for a € (9Kp define

F(M= 2 fT+a)t,m; (10)

n€ker(n]
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then (i) (A® F)(T) = wP@) F,(T) if a#0 (modm)
=0 if a=0(modm).

1 ~
(i) Wehawe f(T) =~ X F(T).

q amodmw

(iii) If B # 0 then

1 ! !
(A® 5 (T) = Z w¥(a) F,(T) =§ Z (A F,) (D).

Proof. — (i) Suppose that § # 0. Then
ADF,) (M

= 2 @O9frT+m)m

ne€ ker[n]

_T® > }:' T (T + [u] (ne) +4n) t,(0) 0P (u)
n u

®
q v

2 f(T+ Ju+ 0] () £, ([v] () w™* (u)

- 1? Y Y AT el o) £, (x — ul (ng)) w0~ )
(writing u + v = x)

} %@ T+ o) e e)) (Z 1,0— wl (e P @0)

u

_®
q

= wf (a) F,(T)

F, (D) (= 1Y 7,(—B)

by Lemma 3. The case § = 0 of (i) as well as parts (ii) and (iii) require
similar calculations and will be omitted.

We shall now state and prove the main result of this section.
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THEOREM 6. — Let fE€EB, and a€Z/(q —1)Z. Then there
exists a unique continuous function C(“) Z — C such that
for each BEZ/q — 1)
as DIAS™® 1 (0

C (k) = (— 1) o

whenever k=20 and k€.

Proof — The uniqueness is clear, since Z, is dense in Z,.
Evidently ¢, €B, forall a€0 K, and we claim that

(AD 1) (M) = (— 1P @ 1,(T) if a# 0(modm)
=0 if a=0(modmn)

for each BE Z/(q — 1)Z. Indeed suppose that a # 0 (mod 7) and
B # 0. Then we compute

A® )T = I? 3 t, (T + glul my)) W (u)

Tff) (T)Z £, ((u) () 0™ ()
—@t M 7,(—B)
q

= wh (@) t,(T) (— 1)
by Lemma 3. The other cases are similar.
Now (D,?,) (0) = &,a by (7) and Lemma 1 (ii). Hence

(D* AS™P 1) (0)
2,

(— 1y = w* f@d if a#0(modm)

=0 if a=0(modmn).

Define (a), for a€ Oy , by (@)w (@) =a if a# 0(mod ) and
(a)=0 if a=0(modn). Then (a)=1(modx) if a # 0 (mod )
and so (a) is well-defined for all s€Z,; we interpret w®(a) and
(a¥ as 0 if a = 0 (mod 7). With these conventions, we have

C(,:) ) = w*(a) (a).
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Now let f€B,. Then we can write

3 c,(t, — 1)

!
nEZ}-:. n:

f= aan

where (¢, — 1)" is an abbreviation for

(e, (D) = D™ (g, (T) — D)™

and v(c,) — * asn —> o, If.( >=H( ) or each

r i=1
n,r€Z then

Xer

< Zni—n
==X ot ()

where x . r = x; r;, so that
i=1

Zni—r;

(@) < i n
Chr-pn@=3% D (r)w"’(x ) x Y. (12)
In view of this, and the fact that v(c,) — oo, the theorem will be
proved if we can show that
C_1yn (s)=0(mod n!) (13)

whenever n€2}. Let k€2, satisfy k€a, and ev(n!)<k
where e is the ramification degree of Kp over Qp; then

(rx—x)" k)= X (— 1) (’:)w (x-r)lx.rk
r=0
" Zni—r (n
=X D (r)(x ¥ (mod %)
r=0

(so that this congruence also holds modulo » !) and

i — I)Eni*ri (}’l)(x . r)" — [(i)k Iz-’i

o a (exp(xZ)—l) ] =0

1



p-ADIC INTERPOLATION OF LOGARITHMIC DERIVATIVES 15

Since the set of integers k described above is dense in Zp, the
theorem follows from the following lemma (cf. [3 § 3.5]):

LEMMA 7. — Forall k € Z, we have the congruence
d¥ n .
8, (n): =[ (z) I (exp (x;z) — 1)"’lz=0 =0(modn!).
i=1 ‘

Proof —1If k<Zmn; then §,(n)=0 and the assertion is
trivial. On the other hand

Oy (n) = [<Zld;)

k h

(—d) I (exp(x;2) — l)ni]z=0

dz i=1

x;n;(8, (nP) + 8, (n))
1

TI[ " >

where n® is obtained from n by replacing n, by n,— 1. Hence
if 6,(n)=0(modn!) and &, ") =0 (mod n®!) then

8,4+, (M) =0(modn!)

as required.

3. An analyticity theorem

The function C}"‘) introduced in the previous section does not
appear to have any analyticity properties for an arbitrary fE€B;
however we can prove that C}"‘) is locally analytic if the coefficients
¢, in (11) can be chosen to tend to zero sufficiently fast. More
precisely we have

THEOREM 8. — Let notation be as in Theorem 6. Suppose that
there exist real numbers A,B with B > 0 such that
v(c,)=ZA+Bv(n!)

forall nc Z','r. Then C}“) is locally analytic on Z, in the following
sense . at every s, € Z, , it has a power series expansion
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©o

CO ()= L o0, (50) (s — 5ot

k=0
with non-zero radius of convergence.

Proof. — Suppose first that f(T) = ¢,(T) for some a€ @Kp.

We saw in the proof of Theorem 6 that C}“) ) = W) (a)* if
a# 0 (mod m) while C{*)(s) = 0 if a = 0 (mod 7). Hence

o w*(a) (log, (a)*(a)®

el

¥ (s) =

(s — so)* if a#0modm)

(14)
=0 if a=0(@modn)

h
so that if we now take f(T)=(+,(T)—1)" = 1 (tx,-(T) — 1"
i=1

then by (12) and (14)

¢ ) = X 8(n,k,50) (s — 5o
k=0

where
n

Zni—
s(n,k,s) =2 =D (Nt ix.n®
r=0 r
(log, {(x - r))*

o if x.r#0@modm (15)

=0 if x.r=0(modm).

9 t. (T)y—1"
Now suppose that f(T) = pX cn-(—i)—) as in (11).
nezﬁ n!

Then Theorem 8 will be proved if we can show that

2 . 8(n,k,sy)

n n!

(16)

nezﬁ
converges forall K€ Z, and, if its sum is denoted by 0, (s,), then
v(0,(s0)) = A + B'k 17)

for some constant B’ depending only on B.
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If F:Z) — C, is any function and n€Z} we define
M(n,F) to be the expression

- Ennon
M. B =2 1D (") Fo
r=0 r
where the sum is taken over all r€2Z} with 0<r,<n, for each
i. In particular
8(n,k,s,) = M@n,G) (18)
where G is defined by

5 (dog, <x . p>)k

G(p) = w*(x - p){x - p) 1

if x+pF0(modm)
=0 if x.-p=0(@modm).

The proof of assertions (16) and (17) will require a couple of
lemmas.

LEMMA 9. — (i) The map F — M(n, F) is Cp-linear and
if F takes values in © then M(n,F)€O0 .

(ii) If F and F' take valuesin. © and F(p) = F'(p) (mod ™)
for some m =0 and all pGZﬁ then

M(,F) = M(n,F') (mod 7™)

for all n€Z.

(iii) Let F be defined by

F(p) = ({x + p) — D w¥x - p) {x - p)*

if x pFO0(modnm) and F()=0 if x.p=0(modw). Then
v(M(n,F)) = max (-z—,v(n !)) , where e is the ramification degree
of Kp over Qp .

Proof. — Assertion (i) is trivial. (ii) follows from (i) by considering
the function "lm (F—F'). To prove (iii) observe first that if

Fo(p) = %@ « p){x +p)* for x*p# 0 (mod 7) and Fy,(p) =0
otherwise, then v(M(n,F;))=v(n!); indeed this is just the content
of equation (13) of the previous section. But F is an O -linear
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combination of functions of this form so that v(M(n,F)) = v(n!)
also. On the other hand (x . p)=1(modw) if x.p #* 0(mod m)
and so F(p) =0 (mod 7% for all p so that v(M(n,F)) > Re !
by (ii).

LemMmA 10. — For k,R€2Z, let € o be defined by the
expansion
(log(1 + TH* = X €, T%,
=0

where log(1 +T) = 2 (— 1)**! rE Then we have € =0

=1
) log® —log k
if 8<kand v(e o) = —k———— if L= k.
' log p

Proof. — It is clear that €, , = 0 if 2 <k. On the other hand
if 2k then

ek,Q = Z
m;>1

ml+...+mk=Q

(__ 1)m1+m2+...+mk—k

m,m,...mg

and so

(e, q) = min v(———l——) .

m;> 1 m,m,...mg

ml+.-.+mk=Q

Therefore we need to estimate max v(m,m,...m,). Now by an
1

) . k k1 v [
elementary inequality ( II mi) S—am= ; and so

i=t k=,
k
L
2 logm; < k (log —).
i=1 k
log m; .
But v(m) < for all i and so
k
: o BT sk
-\ <i=l og
mm,...m,)= 2 vim;
vimy ) = S ) S (logp)

and the result follows.
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We can now estimate &(n,k,s,) =M(n,G) where G is
the function in (18). In fact

G(p):k—l'wa(x-p)<x-p)so Z ek,Q(<x‘p>—1)Q if X°P5ré0
. =K

=0 if x.p=0(modm),

and so combining Lemmas 9 (iii) and 10 we_find that

v(6(n,k,sy)) = min 3max (§~+ v(ee o) v(n!) + v(ek’ﬁ))g —vk!")

0>k
whence
8(n,k,sq) .
] 2 min
n. =k

max (f‘—v(n!)—k log%~logky _ ——-———logg—logk))g—v(k!).

logp log p

It is easy to see that the minimum is attained at

=—° %k if e>logpand(ogp)v(n!) <
log p
L=k if e<logpandev(n!) <
and L=e@m!) if inf(e,logp)v(n!) =k

Taking each of these cases in turn, we have

. (8(n k, so)) k(logl(:g/l;)gp))

—v(n

—v(k!),

or >%—v(n N —uwv(k!),

) —
—k log (ev(n!)) Iogk) — ok ).
logp

v

or
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Hence if v(c,) = A + Bv(n!) for some B > 0, then

6(n,k,
oo S0kt

) )——)ooasn——)oo’
n.

(k fixed) and so (16) is proved.

We now turn to the proof of (17). For §>0 and k€Z,
define

k 1
S (E)= A + BE + —r—k og(e/logp)_u(k!)
log p log p

if e = logp and (logp) £ <
k
=A+Bft+——¢—vk!) if e<logpande £ <
e

log e — log k)

=A+Bt—k
logp

—v(k!)
if inf(e,logp) E=k

é(n,k,s
Thenif 0,(s,) = & e, —(—n—'—l)

neZﬁ

v(0,(sg)) 2 min (¥, (v(n!))) = mf Vi(®).

nEZ+

we have

inf(logp, e) . .
We may suppose that B <—lo—g——. Then y,(§) is decreasing
p

in 0 <§ < ——— and a routine computation shows that y, (§£)
inf(logp,e)

has a wunique minimum at§ = which is greater than

Blogp
k
T EEEEE— Hence
inf(logp,e)
inf y,(§) = »
£>0 k k Blogp)
1 +logB + loglogp — loge
=A+k( £ EOEP g)—v(k!)‘
logp
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k
Recalling that v(k!) < I we see that
p—

(0 () > A +k (1 + log B + log log p — log e)__ k
log p p—1
for all k, and so we may take
B = 1 + logB + loglog p —loge__ 1
log p p—1
in (17) and so complete the proof of Theorem 8.

4. Power series with integral coefficients.

We preserve the notation of the previous sections. The purpose
of this section is to prove

THEOREM 11. — Suppose that the ramification index e of K,
over Q, is less than or equal to p — 1. Then there exists a constant

& > 0 with the following property : if f(T)= Y. a, T" €C,[[T]]

n=0
satisfies v(a,) = A—nd for some A€ER, then [f(T)EB,
and the function s > C}“) (s) is locally analytic for every
a€Z/(q— 1Z.

In particular since A'(T)E O [[T]], it is easy to see that if
FEC,[[T]] satisfies D%f(T)E O[[T]] for some k>0, then
Theorem 11 can be applied to it, and so we have

COROLLARY 12. — Let fE€ cp [[T]] be such that
Dk H(MeE o [[T]]
for some k>0. Then fE€EB, and s > C}“) (s) is a locally
analytic function for every a €Z/(q — 1)Z.
Theorem B of the introduction is evidently the special case
k = 0 of Corollary 12 (except for the statement
@) 1 1
v = -
P p—1 e@@— 1
which is Lemma 13 below).
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We now begin the proof of Theorem 11. Recall our hypothesis
that & is isomorphic to the Lubin-Tate group &,. If A =1, then
Lubin [11, Theorem 4.3.2] tells us that & is isomorphic to G,, and
so a much stronger result can be deduced from Theorem A (ii) ; and
we shall therefore suppose that 7 > 1.

Let 7:9 —> &, be an isomorphism. Then

7(T) =1, T+ O (T*) € O [[T]]
with 7, a unit of ©. Thus O [[T]]= O[[r(T)]] and so
7(B,) = By (= B, defined with %, in place of ). Also if
Ao denotes the logarithm of F,, and W=171(T) then
ANT) =7, DY o(W) and so by the chain rule

1 df(T)= 1 dfo T (W)
N(T) dT 714 ' Ag(W) aw

Since f(T+gm)=7f T 'W) + % 7 '(n)) it suffices to prove the
theorem for the group &, and we assume that & =, for the rest
of this section; thus in what follows A,f, etc are associated to &, .

We write A(T) = Y A, T" with X,
n

=1

We need

LemMMA 13.— (1) A, =0 unless n=1(modq —1),\, € OK,,
except perhaps when n = 0 (mod q), and v(\,)) = — e '.
(ii) The map (Qp a) — D, t)(0) (@€ OKP) is a polynomial

in Q,a of degree n with coefficient in K, the coefficient of
(Qp a)* being 0 unless k = n(modgq — 1).

(iii) We have

€2, a)
q.
B 1

p—1 e(@—1’

t,(T) = 2. (9 “)

T + O (T"Y).

(iv) v(R,) =

Remark. — Part (iv) of this lemma is true for any % (so long as
< p — 1). Indeed, once the assertion has been proven for &, the
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isomorphism 7: & —> &, above shows that, with suitable norma-
lisation and obvious notation, we have 7,8, (5 = Q,(5).

Proof. — (i) For the proof of this see Lang [8, Chapter 8]. The
final statement follows from the proof given there.
(ii) We have the commutative triangle
1,(T)

g G,,

A(T) //é:mﬂn

G,

where z is a local parameter for the additive group G,). This says
precisely that ¢,(T) = exp(§2,a\(T)). Expanding exp (82, aA(T))
in powers of T and using (i) we obtain (ii).

(iii) This follows easily from parts (i) and (ii).

1 1
(iv) Put x = - . We first claim that v(82,) <x
p—1 el@— D
Indeed Fact 2 of § 1 tells us that there exists n € ker [r] and
§€w,(C,) with {#1 such that £, (n)= §. Suppose that

l —_
v(ﬂp)>x. Since v(n) = ——— and v(n !)<n we have
e@— 1) p—1
Q)" 1
(£2,n) )>
n! p—1
q

1
for any n > 0. But one has v(n?) = > —; so, using our
e

e(gq— 1)
hypothesis e < p — 1 and referring to the expression

Q
t,(n)= }_, (—Ei*'n u, with u€ 0

obtained by substituting ¢ = 1 and T = n in part (iii) we find that

1
v~ D=0, m)—D>—
p—1

which is false. Hence v(£2,) <x and so v(A, 2 ») < 0 by (i). But
the coefficient of T? in ¢, (T) is
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Qq
;QL'*' Kq Qp

(Q" ) 1
which lies in ©, so that v ;‘:—— =v(\,R,) = ——+v(,). Since
! e

it is easy to see that v(q!) = q —

it follows that

ay=—t 1
V& p—1 e(@—1

as asserted.
We now begin the proof of Theorem 11 itself. Consider the
auxiliary function

*(T) =—— X (T !

q - fel‘q—l
where the sum is taken over all ;‘Guq_l(Kp). In view of parts (i)
and (ii) of Lemma 13, and the fact that X "=q—1 or
§$€H1e—
0 according as to whether n = 0(modg — 1) or not, we find that

the coefficient of T" in ®(T) is O unless n=1(modqg — 1),
in which case it is the same as the coefficient of T" in ¢ (T).

Now consider the case f(T)=T. We can certainly write

- em”
T= 2 a, n(‘) with ¢, €C, and q, = 0 if n ¥ 1 (modgq — 1).
n=0 .
Now
@ (T T?
D+ Ly
2, §2,

for some ¥ (T)E O [[T]] and therefore if kEZ, ,

(2D T ke

Q,

B(k) ﬁ(k)
L T(k+1)(¢1“l)+1 + . 4 T(""‘")(Q“‘l)*’l + ..
14 14
with %) € O andin fact g QF@~D*Dre 0O jf
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r=2k(@—1)+1.

Thus, proceeding inductively we find that if we write

hnd @(T)k(q—l)'*l
T= X dy Qka—D+1
k=0 D

then
dy=1, Q,d, €0, QXd,€o0,...

1

and in general Q’; d,€ O©. For simplicity we write A for Q77'.

Then
e o5
A A?
and therefore, if we take

1 1 I
8=”(A)=(p—1_e(q—1))q—1’

then any f satisfying the hypotheses of Theorem 11 will lie in

¢ (T
Cp- © [[ A(" )H Hence to complete the proof of Theorem 11

& (T
it suffices to show that every f€ 0 “ /iq )” satisfies the hypothesis
of Theorem 8. Now clearly ®(T) € © [[tx,(T) —-1,..., txh(T) — 111

@ (T)
Aq

from which it follows that any f€ 0 [[ ” can be written in

¥ cm—n

the form ;

" with
ne Z'ﬂ, n:

—(Zn)g—1)

o(@)2e(n ) (L W - )

q—1 e(@—1)

2";’

Recalling that v(n!) => —
P

- h
+O(log I ni) we find that
- i=1

v(c,) = A + Bv(n!) for any
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-1 1 1 1 -
B<l_q(p ) . _ @ l)q_1
p—1 |p—1 e@—1)] q—1lle@@—1)
-1
and suitable A depending on B. Now % > 1 since
e(q —
e <p — 1 and so the hypotheses of Theorem 8 are satisfied and the
proof of Theorem 11 is complete.
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